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Computing Zagreb Polynomials of 
Generalized xyz-Point-Line Transformation Graphs T*!7(G) 
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Abstract: In this paper, we discuss relations among Zagreb polynomials of a graph G and 
generalized xyz-point-line transformation graphs T*%*(G) when z = —. Zagreb polynomials 
of xyz-point-line transformation graphs are obtained in terms of Zagreb polynomials of the 
graph G. 
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§1. Introduction 


By a Graph G = (V, EF) we mean a nontrivial, finite, simple, undirected graph with vertex set 
V and an edge set FE of order n and size m. The degree dg(v) of a vertex v in G is the number 
of edges incident to it in G. Let G, L(G) and S(G) of a graph G are complement, line graph 
and subdivision graph of a graph G respectively. The partial complement of subdivision graph 
'S(G) of a graph G whose vertex set is V(G)U E(G) where two vertices are adjacent if and only 
if one is a vertex of G and the other is an edge of G non incident with it. 

In this paper, we denote u ~ v (u ~ v) for vertices u and v are adjacent (resp., nonadjacent), 
e~ f (e ~ f) for the adjacent (resp., nonadjacent) edges e and f and u~ e (u ~ e) for the 
vertex u and an edge e are incident (resp., nonincident) in G. Other undefined notations and 
terminologies can be found in [17] or [19]. 

Polynomials are one of the graph invariants which does not depend on the labeling or 
pictorial representation of the graph. A topological index is also one such graph invariant. The 
topological indices have their applications in several branches of science and technology. 

The first and second Zagreb indices are amongst the oldest and best known topological 
indices defined in 1972 by Gutman [15] as follows: 


M(G@)= S° dev)? and MA(G)= S> de(ujde(v), 
vEV(G) uve E(G) 


1Partially supported by the University Grants Commission (UGC), New Delhi, through UGC-SAP DRS-III 
for 2016-2021: F.510/3/DRS-III/2016(SAP-I). 
2Received October 12, 2018, Accepted May 16, 2019. 
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respectively. These are widely studied degree based topological indices due to their applica- 
tions in chemistry, for details refer to [10,11,14,16,23]. The first Zagreb index [21] can also be 
expressed as 


M(G)= > [de(u) + de(v)]. 


uve E(G) 


Ashrafi et al. [1] defined respectively the first and second Zagreb coindices as 


M(G)= S> (de(u)+de(o)} and WR(G)= S> [de(ujde(v)]. 


uv€E(G) uv€E(G) 


In 2004, Milidevié et al. [20] reformulated the Zagreb indices in terms of edge-degrees 
instead of vertex-degrees. The first and second reformulated Zagreb indices are defined respec- 
tively by 


EM\(G)= S© dg(e)? and EM2(G) = “de(e)da(f))- 
e€E(G) evf 


In [18], Hosamani and Trinajstié defined the first and second reformulated Zagreb coindices 
respectively as 


EM,(G) = S [de(e) + da(f)] and EM2(G) = So [da(e)de(f)]. 


ex f exf 


Considering the Zagreb indices, Fath-Tabar [13] defined first and the second Zagreb poly- 


nomials as 


Mi(G, 2) = s levi) +de (vj) and M)(G, 2) = S- gta vi)-da (vj) 
v;,0; €E(G) 4,0; €E(G) 


respectively, where x is a variable. In addition, Shuxian [22] defined two polynomials related 
to the first Zagreb index in the form 


DS dg(v;) xtc) and Mo(G, 2) =e tera), 
viEV(G) viEV(G) 


A. R. Bindusree et al. defined the following polynomials in [9], 


M,(G,zx) = S- gta (vi) ((da(vi)tda(vs)) M;(G,2x) = S- ate (%)((da(vi)+da(vj)) 
v;4,0; €E(G) U;,0; €E(G) 
Ma,o(G, x) = S- pide (vi)+bda(vj) M,C, x) = pa gta (vi) +a) (de (vj )+b) 
v;,0; €CE(G) v;4,0; €E(G) 


§2. Generalized xyz-Point-Line Transformation Graph T*!*(G) 


For a graph G = (V, E£), let G®° be the graph with V(G°) = V(G) and with no edges, G! the 
complete graph with V(G!) = V(G), Gt = G, and G~ = G. Let G denotes the set of simple 
graphs. The graph operations depending on x, y, z € {0,1,+, —} induce functions T*¥* :G > G. 
These operations were introduced by Deng et al. in [12] and named them as xyz-transformations 
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of G, denoted by T*¥*(G) = G*¥*. In [2], Wu Bayoindureng et al. introduced the total 
transformation graphs and studied their basic properties. Motivated by this, Basavanagoud 
[3] studied the basic properties of the xyz-transformation graphs by changing them as xryz- 
point-line transformation graphs and denoted as T*¥*(G) to avoid confusion between various 
transformations. 


Definition 2.1([12]) Given a graph G with verter set V(G) and edge set E(G) and three 
variables x,y,z € {0,1,+,—}, the xyz-point-line transformation graph T*¥*(G) of G is the 
graph with vertex set V(T*¥*(G)) = V(G) U E(G) and the edge set E(T*¥*(G)) = E((G)*) U 
E((L(G))¥) U E(W) where W = S(G) ifz =+, W = S(G) if z = —, W is the graph with 
V(W) = V(G)U E(G) and with no edges if z = 0 and W is the complete bipartite graph with 
parts V(G) and E(G) if z=1. 


Tt--(G) 


Figure 1. P, and its generalized xyz-polint-line transformation graphs T*4~ (P,). 
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Since there are 64 distinct 3 - permutations of {0,1,+,—}. Thus 64 kinds of generalized 
xyz-point-line transformation graphs are obtained. There are 16 different graphs for each case 


when z=0,z=1,z2=+, z= -. In this paper, we consider the ryz-point-line transformation 


graph T*4*(G) with z = —. The self-explanatory examples of the path P, and its xyz-point-line 
transformation graphs T*¥~ (P,) are depicted in Figure 1. For more on generalized transforma- 
tion graphs refer to [2]-[8]. 


The following Observations are useful in proving the theorems. 


Observation 2.1([4]) Let G be a graph of order n and size m. Let v be a vertex of G and 
Y = {0,1,+,—}. Then 


m—dg(v) ifx=0,y € Y, 

n+m—1—-de(v) ift=1yeEy, 
dpey—(v) = ; 

m ifv=ty €Y, 

n+m—1-2de(v) ifve=—-,y EY. 


Observation 2.2([4]) Let G be a graph of order n and size m. Let e be an edge of G and 
Y = {0,1,+,—}. Then 


n—2 ify=0,2 € Y, 

nt+tm—3 ify=l1,ze/y, 
dpzy-(e) = : 

n—2+deé(e) ify=+,c2€Y, 

n+m—3-dg(e) ify=-,x# € Y. 


§3. Results on the Zagreb Polynomials of T*¥~(G) 


In this section, we obtain the Zagreb polynomials of the xyz-point-line transformation graph 
T*’*(G) with z = —. In this process, to cover the edges in the complements G,S(G) and L(G) 
we need the degrees of nonadjacent vertices (or edges) in the graph. Degrees of these nonadja- 
cent vertices (or edges) gives Zagreb coindices. To overcome from this problem Basavanagoud 
and Jakkannavar [7] defined the first, second and third Zagreb co-polynomials of a graph G by 


using the concept of Zagreb coindices as 


M,(G, 2) = S- gielridtda (vj) M3 (G, x) = S- pda(vi)-da(vj) 
11,0; EE(G) vi,0; €E(G) 


and 
M3(G, 2) = oe glda(vi)—da(vs)| 
vi ,vj €E(G) 


respectively, where x is a variable. 
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In addition, in [7] they defined 


Ma(G,x) = S- ia (ri) (de (vi) +da(vj)) | Ms (G, 2x) = S- gto (vs )(da(vi)+da (v5), 
vu; ,0; £E(G) vi,0jFE(G) 
Mav(G, x) = be grte (vi) toda (vj) M’ = o(G, 2) = S- gp (da (vi) +a) (da (vj) +b) 
v4 ,0; ZE(G) vj ,0; £E(G) 


The following theorems give results on Zagreb polynomials of the generalized xyz-point-line 
transformation graphs T*¥~(G). 


Theorem 3.1 Let G be a graph of order 'n and size m. Then Zagreb polynomials of T°°~ (G) 


are 
Mi(T°-(G),2) = ma™t"-2Mo(G,271) — 2™+"-?2 M#(G, 271) 
M2(T°-(G),2) = ma™-?) Mo(G,a2~-?)) — a —2) M*(G, a7?) 
M3(T°°-(G),2) = mal!n—-™—-21M(G, x) — 2'"—™-*| MF (G, 2). 


Proof From Observations (2.1) and (2.2) we have 


m—dg(v) ifvEeV(G), 


dpoo- (v) = 
ae n-2 if ve E(G). 


By using definition of Mi(G, x), we have 


M(T°-(G),2) = De gt 700- (ay (4) +47 00- (ay (¥) 
uve E(T°°- (G)) 
= S- wb r00- (ay (¥)+4p00- (ay (v) S- gim—da(v)tn—-2 
UKYU UKvV 
=a SS Guadaa))e —™, 
vEV(G) 
ma™*"—2 My (G,a_+) — "2 MP (G, 271). 


l| 


By using definition of M2(G,x), we have 


M2(T°"(G),z) = yo ae) 
uve E(T°°- (G)) 


= S gtr (a) (w)dpoo~ (gy (v) 


UU 
= ST almdetwyin—2) 
UU 
at ga m(n—2) S- (m _ dg)x—™ 2) da(v) 


vEV(G) 
_ ma™”—2) Mo(G, yi) _ a2) M4*(G, go -2)) 
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By using definition of M3(G, x), we have 


Mare (G), 2) = S- wld r00- (ay (4) —4p00- (ay (&) | 
uve E(T°°- (G)) 


— 5 gl4r00- (a) (u)—d-00- (@) (v)| 


UKV 
_ ys glm—de(u)—n+2| 
UKV 
= zin-m-2| ys (m — dg(v))al4e™! 


ueV(G) 
= maln—™—2| M(G, 2) — 2!"-™-71 M3 (G, 2) 


Theorem 3.2 Let G be a graph of order n and size m. Then, the Zagreb polynomials of 
T°!-(G) are 


M,(T°'~ (G), x) = (") gzmtn3 +4 ma?™*"—3 M4(G, zg!) _ bam BAC ES a7) 
Mo e- (G), x) = co gintm—3)? 4, man+m—3) My (G, ge’) 


ee id eniam DY ACE ge Mrae-8)) 


I 


M3(T°' (G), 2) 


(") + ma"? Mo(G, 2!) — 2-3 MF(G,a7"). 


Proof From Observations (2.1) and (2.2) we have 


m—dg(v) ifvEeV(G) 


dpo1-(q) (v) = ; 
n+m—3 ifve E(G) 


By using the definition of 14)(G, 2), we have 


MT" (G),2) = De giro1— (a) (4) +4r01- (ay () 
uv€ E(T°!- (G)) 


= S girer- (a) (UW) +4p01- (a) (v) 


uve E(L(G)) 
“ ys girot~ (ay (U)+4po1— (gy (v) 
u,v€E(LG) 
ai S- plro1- (a) (u) +4 p01 - (gy (v) 
UNU 
oe +> g2int+m—3) 4 S- g2in+m—3) ae Oe al 
uv€E(L(G)) u,v¢ E(L(G) uev 


= (7) ae Pee eS Mig Gace) ae MG at). 
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Similarly, we known 


M,(T""(G),2) = SS. ee eae! 
uv€ E(T°!- (G)) 
_ S- bret (ay (U) 401 - (ay (¥) +4 S- giror- (ay (¥)4dpo01- (ay (¥) 
uve E(L(G)) u,v¢ E(LG) 
4 Se trot (ay (u)4-po1- (ay () 
UKV 


a (") g(ntm—3)? rn mam™rt+m—3) 149 (G, go ee 8)) 


agietm—3) ys (G, pnt 8)) 


M;(T°!~(G), 2) Se S- gl tro1- (a) (4) 4 p01 - (ay (0) 
uve E(T°!- (G)) 


= S- gldro1— (ay (“)—4 p01 (ay (&) 


+ ye gltro1- (ay (“)—dp01~ (ay (&)| 


uv€ E(L(G)) u,vg E(L(G) 
+ S- gpl@r01- (ay (u)—4po1- (gy ()| 
UNKU 
ib n—3 -1 n—-3 47% -1 
- (3) + ma Mo(G,a2*) — a2" °Mi(G,a~*). 


Theorem 3.3 Let G be a graph of order n and size m. Then Zagreb polynomials of T°*~(G) 


are 
MCE (G) ae): a MG sar ae Sn Be Taek) 
M,(T°+-(G),x2) = Miyancin(EAG), 2) + SE al™tolONn-24do(e 
M3(T°*(G),2) = Mg(L(G),2) ~ a2 alot 440% 
ue 


Proof From Observations (2.1) and (2.2) we have 


m—dg(v) ifvEeV(G) 


dpo+- - 
To+~(G)(v) n—-24+dg(v) ifve E(G) 


Applying the definition of Mi(G, x), we have 


M,(T°*-(G),z) = bs giret— aU) tdro4— (ay) 
uv€ E(T°+-(Q)) 
= S- girot—(ay(u)+dpo+—¢ay(v) 4. S- giro+- (a) (4) +4p04- (a) () 
uve B(L(G)) ee 


= ONG) ee pe: da(u)tde(v) 


UKV 


Similarly, we know 
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Ms Fs (Gi x) = S- gp iro+— (a) (4) dp0+— (ay () 


I 


uv€ E(T°+— (G)) 


> greta) )4p0+— (ay (&) + y iret = (a) a p04- (ay (e) 
uv€ E(L(G)) Unv 


= Min-2n-2(L(G),2) + Ne glm—da (u))(n—2+de(v)) 


and 


M;(T°T~(G),2) = 


Theorem 3.4 Let G be 


are 


UKU 


ys gltr0+— (ay (u) —4-po+— (gy (¥)| 
uv€ E(T°+— (G)) 


S- gldro+- (au) —dp0+- (ay) 4 S- gl4r0+— (a) (UW) —d po (@y () 
HUSRUNG)) UU 
M3(L(G), x) — gin—nt2 S- gida(u)tde(v) | 
UKV 


a graph of order n and sizem. Then Zagreb polynomials of T°-~(G) 


My(T°-~(G),2) = a2*™-YFF (L(G), 271) +a2mtn-F Sg ew tao(w)) 
u,v¢ E(G) 
Matyi) Mi is ace LUC) mye) DE ee) 
UKUV 
M;(T°-~(G),2) = Ms(L(G),x) — alr-§| S~ glide) +4e(e) 
UKV 


Proof From Observations (2.1) and (2.2) we have 


dpo--(g)(v) = 


n+m—3-—de(v) if ve E(G) 


By the definition of Mi(G, x), we have 


M,(T°-~(G), 2) 


a tr0-- (a) (u)+dp0+-(g) (v) 
uve E(T°-~(G)) 


gt ro-- (G) (u)+d..0—— (G) (v) + 5 gt ro—- (G) (w)+d.,0—— (G) (v) 


uvg E(L(G)) ume 
= gon, (LAG); a1) 4 gzmtn—-3 ye (de (u)+de(v)) 
u,v¢ E(G) 
Similarly, we know 
M2(T°-~(G),2) = eer aaa) 


uve E(T°-~(G)) 
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gy it-- (G) (u)dpo—~ (gy (v) + 5 gy tto-- (G) (u)dpo-~ (gy (v) 


uw€E(L(G)) un 
> Me a nie3)-namieay L(G), x) + ye gim—de(u))(mtn—3—de(v)) 
UKV 
M3(T°-~(G), t) = » gl4r0—— (ay (4) —4p0—— (ay (0) 


uve E(T°-~(G)) 
= S- gl@r0-- (ay) —4p0-- cay) 4 S- gl4r0-- (a) (“) —4p0-- (ay ()| 

uv€é E(L(G)) Unv 
= M3(L(G),2) —al"-3| S- glde(u)+de(v) | 


UKV 


Theorem 3.5 Let G be a graph of order n and sizem. Then 


My(T!-(G),2) = 2-1) M4 (G,x) +2?" M,(G, 2) + me2@"+™-3) Mo (G, 271) 
+M7(G, gr gee) 
M2(T'-(G),2) = ML im—1,—(n¢m—1)(G2) + Min m(G, 2) 
tmgtm-(n+2) Vi4(G, gor) = gina ier?) Me (G, ger) 
M3(T'°-(G),z) = M3(G,x) + M3(G, x) +: mat! Mo(G, 27") — at! MF (G, 27"). 


Proof From Observations (2.1) and (2.2) we have, 


nt+m—1+4+dg(v) ifvEV(G) 


de-(g)(0) = | 
n—-2 if v € E(G) 


By the definition of M(G, x), we know 


M((T'-(G),2) = Se eee 
uve E(T!9- (G)) 

= S- girio-(a)(u)+4p10— (a) (v) S- giri0- (a) (W)+4p10- (ay (¥) 
uve E(G) uv¢E(G) 
ae x girio- (a) (UW) +4p10- (a (¥) 


UKU 
= SS grtm 1lt+de(u)+n+m I+de(v) 4 S- gnrm 1+da(u)+n+m—1+de(v) 
uv€ E(G) uv¢€E(G) 


at S- grtm—l—da(v)+n—2 


UNV 


= gtrtm—-)) y_,_1(G,2) +0?" Mi (G, 2) + ma@"t"—-9) My (G, 271) 
Ba be (Gc gene.) : 
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Similarly, by the definition of M2(G, x), we have 


M,(T'(G),2) = ME Od 
uv€ E(T}0- (G)) 

_ 3 gtri0~(@)(“)4p10~ (ay) s gtr0- (ay (4) 4p10- (gy () 
uve E(G) uv¢E(G) 
+ ye giro (ay (u)ap10~ (ay () 


ea) 
= M! (n+m—1),-—(n+m (G2) + Mi mn (G, 2) 


meet Det) MA(G, ger) _ per yn?) Me, g(nt2)), 


M3(T'°-(G), x) _ ye gldri0- (ay (“) —dp10~ (ay (&)| 
uv E(T~(G)) 
= S- gltr10- (ay) (4) ~ 4 p10- (ay ()| + S- gltr10- (ay) (4) ~4p10- (ay ()| 
uv€ E(G) uv¢ E(G) 
+ se gltr10+ (ay (U) — 410+ (gy (¥) | 


UNV 


= M3(G,2) + M3(G,2) +ma™* Mo(G, 2") — 2™*! M#(G,27"). 


The proof of following theorems are analogous to that of Theorems 3.1-3.5. 


Theorem 3.6 Let G be a graph of order n and sizem. Then 


M(T'-(G),2) = 2%"+™") M\(G,27') + 2°" M,(G,z) 
+(3) gtint+m—3) ble gore?) VAG aot) 
_ TY m n+m—3)? 
My(T™-(@)2) = ML agm-1y-intm-1(Got) + Mina Gia) + (1 Jat 
pag nna GEE mS) IVE (G, gintm—8)) 
M3(T'!~(G),2) = Mi(G,x)+Mi(G,x2) + e + 2?M?}(G, 2). 
Theorem 3.7 Let G be a graph of order n and size m. Then 
M(Tit-(G),z) = 2% ™t™—-D My, _1(G, a2) +2?" M,(G, 2) 
442-2) My, (EQ); x) +4 grlntm—3) S- g de (u)+da(v) 
URV 
M,(T'*~ (G), x) = Mpc iia G ae) + M’_(ntm—1),(n-2)(G, 27") 
+My -2n—2(F{G), 2) + D7 amt dain da) 
URV 
M3(T't~(G),2) = 2™t'M3(G,2) 4+ 2°" Mi(G, 2) + M3(L(G),2)+2™"" S- gite(u)tda(r)| 


UKV 
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Theorem 3.8 Let G be a graph of order n and sizem. Then 


M,(T'~(G), 2) = grintm—1) Mf _4(G,a) + 2?" M,(G, A) + o2(r+m—-3) 77 (L(G), 2) 
4y2(n +-m—2) = r dg(u)—da(v) 
UKv 
M2(T'~~(G), 2) = M! (n+m—1),—(n+m 1)(G, 2) + My, m(G, 2) + Mi4on4+2(L(G), 2) 


of Dae girtm—l1-de (u))(n+m—3-—de(v)) 
une 


Mg(T'-~(G),2) = My(G,x) + Mi(G,2) + M(L(G),2) +2? Yo alto +4o00, 


UKU 


Theorem 3.9 Let G be a graph of order n and sizem. Then 


M, (Pees (G), x) = mx?™+ m(n _ grit? 
M2 (Pree (G), x) = ial pT min =. Derr?) 
M3(Tt?— (G), x) = m+ m(n _ OO nea 


Theorem 3.10 Let G be a graph of order n and size m. Then 


M(Tt!-(G),z) = ma?™4+ Gere!) dn n= Dig er) 
M2(Tt'-(G),z) = mex” + (") g(ntm—3)” m(n— Drees) 
M3(T*1-(G),z) = m4 + m(n — 2)air—51, 


Theorem 3.11 Let G be a graph of order n and size m. Then 


I 


M,(Tt++~(GQ), 2) mar™ + 92-2) 97, (L(G), 2) + ma™+"-? Mo (G, 2) — 21"? M*(G, 2) 
M2(T*+~(G), z) ma™ + Mn—2n-2(L(G), 2) +ma™ 2) Mo(G, 2”) — x?) M*(G, 2™) 
M3(T+*~-(G),2) = m+ M3(L(G),«) + ma!™+"-2|Mo(G, 2) — al™+"-?| M*(G, 2). 


I 


Theorem 3.12 Let G be a graph of order n and size m. Then 


M,(T*+-~(G),z) = ma?™ + 22(r+™—-3)77, (L(G), 271) 
4tma?™t"-3M5(G, a1) — 2?" 3 MN (G,a") 
M,(T+-~(Q),2) = ma” + Mn2n-2(L(G), 2) 
fina" —-9) Mi(G,a-™) aa) MG, ™) 


M3(T*—~(G),2) = m+ Ms3(L(G), 2) + ma" 3Mo(G, 2) — 2” °M3(G,z). 
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Theorem 3.13 Let G be a graph of order n and size m. Then 


M(T~°-(G),2) = « 2+™—-D 7 (G, 2?) + ma?"t™-3 Mo (G, 2~”) 
—g@ntm—3) M*(G, 2?) 
M2(T~°-(G),2) = M?_(ntm-—1),-(n+m—1)(G, 2”) + malt—2)(n+m—1) MG, 2") 
tmen "-2(r$m=1) Ny (Gg 2(n=2)) 
M3(T~°"(G),2~7) = ™3(G,2?) +ma™*!Mo(G, 2) — 2™t1M#(G,2-7). 


Theorem 3.14 Let G be a graph of order n and sizem. Then 


Mi(T-!-(G),2) = 2™-D A (G,a-7) + @ gee) Ee OO) Ma(G.a-*) 


—atintm-9) (G2) 


a) m 3)? 
M2(T~'~(G), 2) = MM (n+m 1), (ntm 1)(G, x2) + ae 3) 


4+malhtm—3)(n+m) MG, ge eS) 


ag hehe etre) VER CG. a rte 8) 


M3(T~‘~(G),2-*) = Ms3(G,27)+ & + ma~* Mo(G, 2) — 2-2 M¥(G, 2”). 


Theorem 3.15 Let G be a graph of order n and size m. Then 


Mi(T-*-(G),2) = "DRG, 27?) + 2 My (L(G), 2) +43 SO a Mo Hde) 


UKU 


M2(T* (G), 2) = NE a ol egecay CE x”) Te Min+2,n+2) (L(G), x) 
4 Ds gintm—1—2dg(u))(n—2+dg(v)) 
uUnu 


M3(T~*"(G),2) = ol M!, _1(G,2) + Ma(L(G), x) +a S$ gto taco! 


UKmU 


Theorem 3.16 Let G be a graph of order n and sizem. Then 


Mi(T--“(@), 2) = OG a) ea (LG) *) 
4y2inrm oe oe 2de(u)—de(v) 
UNU 
M2(T~ ~~ (G), x) = M’ (nt+m—1),—(n+m 1)(G, a?) + M" (n+m-3),—(n+m 3) (L(G), x) 
+4 S- glntm—1—dea(u))(nt+m—3—de(v)) 
UNU 
M3(T~~~(G),2) = Ms(G,x) + M3(L(G), 2) +2? So alde)—da()| 


UNV 
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Abstract: In the present paper we define and investigate a new class of sense preserving 
harmonic univalent functions HCV? (k, a) related to uniformly convex analytic functions. 


We obtain co-efficient bounds, distortion theorem and extreme points. 
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§1. Introduction 


Let U = {z: |z| < 1} denote an open unit disc and let H denote the class of all complex valued, 
harmonic and sense preserving univalent functions f in / normalized by f(0) = f.(0) —1=0. 
Each f € H can be expressed by f = h-+ g where 


Masao Gees eS che 1hl< 4, (1.1) 
n=2 n=1 


are analytic in U/. A necessary and sufficient condition for f to be locally univalent and sense 
- preserving in U is that |h’(z)| > |g’(z)| in U. Clunie and Sheil-Small [3] studied H together 
with some geometric sub-classes of H. We note that the family H of orientation preserving, 
normalized harmonic univalent functions reduces to the well known class S$ of normalized uni- 
valent functions in U/, if the co-analytic part of f is identically zero, that is g = 0. Harmonic 
functions are famous for their use in the study of minimal surfaces and also play important 
roles in a variety of problems in applied mathematics. We can find more details in [1, 2, 4, 5]. 
Also let H denote the subclass of H consisting of functions f = h + g so that the functions h 
and g take the form 


h(z)=2z- oy Anz” , g(z)=- Ds De” |bi| <1. (1.2) 
n=2 n=1 


Definition 1.1 Let m be any positive integer. A domain D is said to be m-fold symmetric if a 


rotation of D about the origin through an angle 2m carries D onto itself. A function f is said 
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to be m-fold symmetric in D if for every z in D we have 


f (ez) =e™ f(z), ED. 


The family of all k-fold symmetric functions is denoted by S*, and for k = 2 we get 
class of odd univalent functions. The notion of (j,m)-symmetrical functions (m = 2,3,---, and 
j =0,1,2,--- ,m-—1) is a generalization of the notion of even, odd, k-symmetrical functions and 
also generalizes the well-known result that each function defined on a symmetrical subset can be 
uniquely expressed as the sum of an even function and an odd function. The theory of (j,m)- 
symmetrical functions has many interesting applications; for instance, in the investigation of the 
set of fixed points of mappings, for the estimation of the absolute value of some integrals, and for 
obtaining some results of the type of Cartan’s uniqueness theorem for holomorphic mappings, 
see [8]. Denote the family of all (j,m)-symmetrical functions by S“). We observe that, S©?), 
S42) and S“™ are the classes of even, odd and m-symmetric functions respectively. We have 
the following decomposition theorem. 


Theorem 1.2([8]) For every mapping f : UC, and am-fold symmetric set, there exists 


exactly one sequence of (j,m)-symmetrical functions fj,m such that 


where 


fim(z) = S- On, janz", a1 =1, (1.4) 
n=1 
where 
m-1 . 
1 ‘ 1, n=Im+y 9; 
ing =— De” = ae (1.5) 
Te = 0, n#lm-+ Jj; 


LEN, m=1,2,---, 7 =0,1,2,---,m—1). 
j 


Yong Chan Kim et al [7] discussed the class HCV (k, a) of complex valued, sense preserving 
harmonic univalent functions. f of the form (1.1) and satisfying 


2H" (2) + 2zg'(z) + 279"(2) 


{i (1 + ke**) i oa ©) 


|x o0ce<t (1.6) 


Now, using the concept of (j,m) symmetric points we define the following. 
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Definition 1.4 For 0 <a <1 andm=1,2,3,---,j7 =0,1,2,---,m—1. Let HOV" (k, a) 
which denote the class of sense-preserving, harmonic univalent functions f of the form (1.1) 
which satisfy the condition 


ra) 4 af (re) 
36 (argf(re’’)) = Im Gann 
2th! 22q! 250 
Z re {14+ ne ME TOE TE Sg 7) 
ZR; m(Z) — 295 m(2) 
where z = re’®,0O<r<1,0<6< 27,0<k < o and fim = hjm + Gm where hj m,9j,m 


given by 


m—-1 
‘< eRe" 2), Ge) = Ze e “I g(e?z) (1.8) 
We need the following result due to Jahangiri [6] to prove our main results. 


Theorem 1.5 Let f =h+ with h and g of the form (1.1). If 


yg Miol+ Mn+ Oi) <2, a. =1, 0<a<1, (1.9) 


n=1 


then f is harmonic, sense-preserving, univalent in U, and f is convex harmonic of order a 
denoted by HK (a). Notice that the condition (1.9) is also necessary if f ¢ HK(a) = HK(a)n 
i 


§2. Main Results 


Theorem 2.1 Let f =h+ 9 of the form (??) and fim = ‘ mtGjm With hjm and Gjm given 


by (1.8). [f0O<k<w,0<a<1,m=1,2,3,---,j =0,1,2,---,m-—1 and 
 n[n(k +1) — b= abn) | nk +1) +k+adn,5] 
a 2 a 07) | dp |X 2, 2.1 
a = pe Gah) | bn IS (2.1) 


n=1 


then f is harmonic, sense- preserving, univalent inU, and f € HCV)™(k,a), where bn,j given 
by (1.5). 


Proof Sincen-a<n+nk—k—abnj andn+a<n+nk+k+ab6n,j; for 0 <k < o, 
it follows from Theorem 1.5 that f € HK(qa) and hence f is sense- preserving and convex 
univalent in U4. Now we need to show that if (2.1) holds then 


one oO oF 


= Re Ga > a. (2.2) 
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Using the fact that Re(w) > a if and only if | 1—a+w |>|1+a-—w | it suffices to show 
that 


| A(z) + 1—a)B(z)|-| A@)-A+a)Biz)| 20, (2.3) 


where A(z) = zh'(z) + (1 + ke’?)27h"(z) + (1 + 2ke’®)zg’(z) + (1 + ke’?)z2g"(z) and B(z) = 
zhi, (2) — 29) (2). substituting for A(z) and B(z) in (2.3), we obtain 


|A(z) + (1 — a) B(z)| — |A(z) — 1 + a) Bz)| 
zh! (z) + (1 + ke’?)z7h"(z) + (1 + 2ke"?)zg’(z) + (1 + ke’) 229"(z) 


+ (1 —@) [2h m(2) — 29} m(2)] 
—|zh'(z) + (1+ ke’?) 27h!" (z) +(1+ 2ke'?)zq’(z) +(1+ ke’?)22q"(z) 


—(1 + @)[2h)5,m(2) — 29}, m(2)] 


=|[1+ (l-a)d,jJz + o n[n + (n — 1)ke*? + (1 — @)bn,j]an2” 


n=2 


+S nfn 1)ke’? — (1 —a)bn,5] Baar | 


n=1 


— [1 — (1+ a) 61, jJ2 + S$ nn[n + (n — Ike? — (1+ a)bnj]anz” 


n=2 


-Yoaln 1)ke’? + (1+ a)6n,j]0n2™ 


> [L+ (L-a)61,3] | 2) -— 5 nln(k +1) —&- (1 @)bn,5] | an || 2” | 


n=2 


—~Son[n(k +1) +k + (1—a)dnj] | bn |] 2” | 


n=1 
~~ n[n(k +1) —k — adn,j] = 
PY Geer Pea ea cas Se oe oO ea 
(2(1 - a)61,5)| Se ahgy lan tle 
“nin(k +1) +k + bn; fs: 
a | I ; 
n=1 1,3) 
Ss nin(k + 1) = k = on, 3] 
2(1 — = . 
(2( vmadlel{ (>. aE Ha 
oe n[n(k +1) +k + a6n,5] 
a | > 
=a 001s) bon |) 20 
by (2.1). The harmonic functions 
(1 — a61,;) — a64,;) 
May n(k +1) —k— bn; jlinl +o een +k ad, gent $2 (2.4) 
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where 


Foal +5 |=2, 


n=1 


show that the coefficient bound given in Theorem 2.1 is sharp. The functions of the form (2.4) 
are in HCV?" (k, a) because 


~ mel —k- n(k +1) +k + on,j] 
FE an a , 
yo ak See ere ee 


n=1 
= ss len] + Ss lyn| = 2. (2.5) 
n=1 n=1 


This completes the proof. 


If 7 =m =1 we get the following result proved by Yong Chan Kim et al in [7]. 


Corollary 2.2 Let f =h-+ @ of the form (??). [f[0<k<aw, 0<a<1 and 


= k—k k+k 
» Gea +d eae <2, 


then f is harmonic, sense- preserving, univalent inU, and f € HCV(k,a). 


Now we show that the bound (2.1) is also necessary for functions in HCV(k, a). 


Theorem 2.3 Let f =h+Q of the form (1.2) and fim = hjm+Gjm with hjm and Gj m given 
by (1.8). Then f € HCOV*™(k, a) if and only if 


oe Ae Ie b= abn | nk +1) +k +0dn,5] 
a 2 7) bn |X 2 2. 
a (I ahi) +>" Came 2 ee) 


where0<k<w,0<a<1,m=1,2,3,---,7 =0,1,2,---,m—1, and b,j given by (1.5). 


Proof In view of Theorem 2.3, we only need to show that HCV (k, a) if condition (2.6) 
does not hold. We note that a necessary and sufficient condition for f = h+9 of the form (1.1) 
to be satisfied. Equivalently, we must have 


“(i 


Zhi (2) — 295 (2) . 


Therefore, 


Re) = 8190) = Vinee Mink + 1) k= adn sllanl2” + Viner rink + 1) +k + abn j]lbn lz” 
61,52 — Vinee Mn,j|anl2” + Depa On, jlbn|2” 


>0 (2.7) 


upon choosing the value of z on the positive real axis where 0 < z = r < 1 the above inequality 
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reduces to 


(1 = 61,54) — {La m[n(k + 1) — k= abn, gllan| + DS Mine + 1) ++ abn, ]Tnl} e™—7 
>0 
Bij — Deca Mn jlanlr?—! + oon NOn,jlbn|r™— 


(2.8) 


If condition (2.6) does not hold then the numerator in (2.8) is negative for r sufficiently 
close to 1. Thus there exists zo = ro in (0,1) for which the quotient (2.8) is negative. This 
contradicts the required condition for f € HCV (k,a)and so proof is complete. 


§3. Extreme Points and Distortion Bounds 


Theorem 3.1 Let f be of the form of (1.2). Then f € clcooHCV(k,a) if and only if f(z) = 

pe (Trhn(z) + Angn(z )) where hi(z) = 2, hn(z) =z wos (n = 2,3,4, ak ) 
ad n oo 

eee? 12) 335), 4 Geta 0 end ey, > 0; 


In particular, the extreme points of HCV4™(k,a) are {hy}and{gn}, and 6n,; given by (1.5). 


and gn(z) = z- 


Proof For functions of f of the form f(z) = 77, (Tahn(z) + Angn(Z)), we have 


oe. a 1-61; n 
en = d (ig Ee) 2 = SS pee 


= (1 _ 61,7) —n _ ~ n ~ —n 
pete ee ee 


Therefore, 


ea 1 ll - Sort Doda = ee 
n=1 1 ady,;) 


and so f € HCV" (k, a). 


Conversely, Suppose that f € HCV%™(k,a). We set tT = MRF nda | n = 


1—a01,; 
2,3,4,.++, Ay = Seer eal |b, |, = 1,2,3,+++, and 1 = 1— O95 ta — Dey An- Then 


b pan an +An) =1,0<%m <1,0< An <1,(n =1,2,3,--- ,) thus by simple calculations we 
get f(z) = 0, (mhn(z) + Angn(z)) and the proof is complete. 


Theorem 3.2 If f ¢ HCV!""(k,a) then 


1 1-—a6,,; ean 
1+ |b a J 2 = 1 
f@) <0 + lar +5 Sree —— all i Blears 


1 1—a6,,; 1+2k+ a6, ; 
Ss aici Bi ape eS ele an re 
|f(z) 2 (1 — [bir 5 poets Fae ead a bl] zl ="< 


where 0 <a <1, and 6,5 given by (1.5). 
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Proof Calculation shows that 


f(z) S (LF [bir + So (lanl + bnl)r™ < (1+ [oir + $2 (lan| + [bnl)r? 
n=2 n=2 
< (1+ |bil)r 
1-adi3 — 2[(k +2) — 269,5] — 2[(k +2) — 06,5] 2 
a) (k + 2) — ade, ;| 2 1-61; Janl + De 1—ad1,; [bn| = 
1—a61,; = n[n(k + 1) — k — abn, 5] 
< a eee er lay, 
< (+ pidr+ ght {3 Da K= onal, 
S nin(k +1) +k +06n,5] ; 
pe 1—a61,; [bn 2 
n=2 ? 
1—ad,.; 14 2k+ ao,.; 
Gis ip yp ae oe ee 
ra ( | i) qr 1—a61,; | uh 
1 1— a6, ; 1+2k+ 061; 
< + |b 45} ES 2 
~~ (1 | ir 2 te k+2—-a62,; | i 
and 
f(z] = (LF [bir — So (lanl + [bnl)r” > (1+ [bir — $2 (lan| + [bnl)r? 
n=2 n=2 
> (1 |bil)r 
1-adij  2[(k +2) — 269,53] — 2[(k +2) — 06,5] 2 
~ OW(k + 2) — ad9,5] {> 1—ad1,; Jan + > 1—ad1,; [bn| # 
1—a61,; = n[n(k + 1) — k — abn, 5] 
= — —_— oo —_— n 
> (Pile gs po aK onal, 
S nin(k +1) +k + 06n,5] ; 
ps 1—a61,; [bn ‘ 
n=2 y 
1—ao,.; 14 2k+ ao,.; 
A 1—|b pe Pe by |r2 
> (1 Pile pp fa EE oh alr 
1 1— abo; 1+2k+ 061; 
Sy Sib | Ei lg 
7 0 | ir 2 (EES k+2—a62,; | y] " 


This completes the proof. 


If 7 =m =1 we get the following result proved by Yong Chan Kim et al. in [7] 


Corollary 3.3 If f € HCV(k,a) then 


1 l-a 
f(z) < A+ lalr+5 rae - 
and , ; 
a 
If(@) = (1 = llr = 5 cae _ 


ml ce ebaeet 
-—a 


ul ro; a) =e, 
—a 
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§1. Introduction 


In 2003, Shaikh [18] introduced and studied Lorentzian concircular structure manifolds (briefly 
(LCS),,-manifolds) with an example, which generalizes the notion of LP-Sasakian manifolds 
introduced by Matsumoto [11]. Also Shaikh et al. ([19,20,21,22]), Prakasha [16], Yadav [29] 
studied various types of (ZC'S),,-manifolds by imposing curvature restrictions. 

In 1926, the concept of local symmetry of a Riemannian manifold was started by Cartan 
[3]. This notion has been used in several directions by many authors such as recurrent manifolds 
by Walker [28], semi-symmetric manifold by Szabo [24], pseudosymmetric manifold by Chaki 
[4], pseudosymmetric spaces by Deszcz [10], weakly symmetric manifold by Tamassy and Binh 
[26], weakly symmetric Riemannian spaces by Selberg [17]. The notions of pseudo-symmetric 
and weak symmetry by Chaki and Deszcz and Selberge and Tamassy and Binh respectively 
are different. As a mild version of local symmetry, Takahashi [25] introduced the notion of ¢- 
symmetry on a Sasakian manifold. In 2003, De et al. [7] introduced the concept of ¢-recurrent 
Sasakian manifold, which generalizes the notion of ¢-symmetry. 

In 1971, Pokhariyal and Mishra [15] defined a tensor field W* on a Riemannian manifold 
given by 

1 
2(n —1) 
-—9(X, Z)QY]. (1.1) 


W*(X,Y)Z = R(X,Y)Z— [S(Y, Z)X — S(X,Z)Y +. g(Y, Z)\QX 


lSupported by Rajiv Gandhi National Fellowship F1-17.1/2015-16/RGNF-2015-17-SC-K AR-26367. 
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Such a tensor field W* is known as M-projective curvature tensor. Ojha [13,14] studied M- 
projective curvature tensor on Sasakian and Kaehler manifold. The properties of M-projective 
curvature tensor were also studied on different manifolds by Chaubey [5,6], Venkatesha [27] and 
others. 


Motivated by the above studies, we made an attempt to study M-projective curvature 
tensor on (LC'S),,-manifold. 


The present paper is organized as follows: Section 2 is equipped with some preliminaries of 
(LCS), manifold. In section 3, we proved that if (IW, g) is an n-dimensional ¢-M-projective 
flat (ZC'S),,-manifold, then the manifold M” is 7-Einstein manifold. We have shown that if 
an n-dimensional (LCS),-manifold M” is M-projective pseudosymmetric then either Ly» = 
(a? — p) or the manifold is Einstein manifold, provided (a? — p) 4 0, in section 4. Section 5 
deals with the study of ¢-M-projective semisymmetric (LC'S),-manifold and proved that the 
manifold is generalized 7-Einstein manifold, provided (a? — p) 4 0. In the last section, we have 
studied generalized M-projective ¢-recurrent (LC’S),-manifold and gave the relations between 
the associated 1-forms A and B. 


§2. Preliminaries 


An n-dimensional Lorentzian manifold M” is a smooth connected para-compact Hausdorff 
manifold with a Lorentzian metric g of type (0,2) such that for each point p € M, the tensor 
Gp : Tp)(M") x T,(M") — R is a non-degenerate inner product of signature (—,+,+,---,+), 
where T,(M”) denotes the tangent space of M” at p and R is the real number space [18,12]. 


In a Lorentzian manifold (M”,g), a vector field P defined by 
g(X, P) = A(X), 


for any vector field X € x(M”), (x(M”) being the Lie algebra of vector fields on M”) is said 
to be a concircular vector field [23] if 


(VxA)(Y) = alg(X,Y) +u(X)A(Y)], 
where a is a non-zero scalar function, A is a 1-form and w is a closed 1-form. 


Let M” be a Lorentzian manifold admitting a unit time like concircular vector field €, 
called the characteristic vector field of the manifold. Then we have 


9(§,€) = -1. (2.1) 


Since € is a unit concircular vector field, there exists a non-zero 1-form 7 such that for 


W(X, §) = 0(X), (2.2) 
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the equation of the following form holds 


(Vxn)(Y) = a[g(X,Y) + n(X)n(Y)], (a 0) (2.3) 


for all vector fields X and Y. Here V denotes the operator of covariant differentiation with 
respect to the Lorentzian metric g and a is a non zero scalar function satisfying 


(Vxa) = (Xa) = da(X) = p(X), (2.4) 
p being a certain scalar function given by p = —(€a). If we put 
1 


then from (2.3) and (2.5) we have 
PX =X + (XE, (2.6) 


mg) =—1, d& =0, (PX) =0, g(OX, bY) = G(X, Y) + 0(X)nY), (2.7) 


from which it follows that ¢ is a symmetric (1,1) tensor, called the structure tensor of the 
manifold. Thus the Lorentzian manifold M together with the unit timelike concircular vector 
field €, its associated 1-form 7 and (1,1) tensor field ¢ is said to be a Lorentzian concircular 
structure manifold (briefly (LC’S),,-manifold) [18]. Especially, if we take a = 1, then we obtain 
the LP-Sasakian structure of Matsumoto [11]. 


In a (LCS),,-manifold, the following relations hold [18]: 


n(R(X,Y)Z) = (a? — p)lg(¥, Z)n(X) — 9X, Z)n(¥)], (2.8) 
R(X, Y)E = (a? — p)[n(¥)X — n(X)Y], (2.9) 

R(X, €)Z = (a* — p)[n(Z)X — g(X, Z)€], (2.10) 
R(E,X)Y = (a? — p)[g(X, YE - n(¥)X], (2.11) 

RE, X)E = (a? — p)[X + (X)€], (2.12) 

S(X,€) = (n—1)(a? — p)n(X), QE = (n—-1)(0* — p)é, (2.13) 
(Vx@)(Y) = alg(X, YE + 2n(X)n(VE + 0(¥)X], (2.14) 
S($X, $Y) = S(X,Y) + (n— 1)(a? — p)n(X)n(¥) (2.15) 


for all vector fields X,Y,Z and R,S respectively denotes the curvature tensor and the Ricci 
tensor of the manifold. 


A (LCS), manifold M” is said to be a generalized 7-Einstein manifold [830] if the following 
condition 
S(X,Y) = Ag(X,Y) + pn X)n(¥) + vX(X, Y) (2.16) 
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holds on M”. Here , 4 and v are smooth functions and Q(X,Y) = g(@X,Y). If v = 0 then 
the manifold reduces to an 7-Einstein manifold. 


From (1.1), we have 


nW*EY)Z) = yy SH.2) — 50.2), (2.17) 
iW" (X82) = SX. 2) — 50? — palX 2 (2.18) 
n(W*(X,Y)€) = 0, (2.19) 
W*(X,Y)E=0, W*(X,OE=0, W*(E,OZ =0, (2.20) 
: 7 1 1 
WK ELD) = G(X, Z)n(2) — SK TAZ) 
+5 (0? ~ p)g(X,T)n(Z) — (0? ~ p)aX, Z)n(7), (2.21) 
W(X, Zo) = SK Z) + F(a? — pal X. 2), (2.22) 
WX) = sa SUX Z)E — F(a? — palX, Z)6, (2.23) 
(Vur8)(X,€) = (n— alo? — p)lg(U,X) + (Uy X)] — a8(X,9U). (2.24) 


§3. ¢-M-projectively Flat (LCS),,-Manifold 


Definition 3.1 An n-dimensional (LCS),-manifold (M”,g), (n > 3) is called 6-M -projective 
flat if it satisfies the condition 
oW* (bX, bY )oZ = 0, (3.1) 


for all vector fields X,Y,Z on the manifold. 


Theorem 3.1 If (M",g) is an n-dimensional ¢-M -projective flat (LC'S),-manifold, then the 
manifold M” is n-Einstein manifold. 


Proof Let M” be ¢-M-projective flat. It is easy to define that 6?(W*(¢X,¢Y)¢Z) = 0 
holds if and only if 
g(W*(oX, dY )bZ, dU) = 0, (3.2) 


for any vector fields X,Y, Z,U © TM”. 


By virtue of (1.1) and (3.2), one can obtain 


ROX, Y)bZ, dU) = Fay SY. 02)a(6X, ov) — $(6X,62)9(0¥, 60) 


+9(GY, 62) S(bX, GU) — G(X, PZ)S(GY, dU). (3.3) 
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Let {e1,€2,°-+ ,@n—1,§} be a local orthonormal basis of vector fields in M@”. By using the fact 
that {¢e1, de2,--- , ben—1, €} is also a local orthonormal basis, if we put X = U = e; in (3.3) 
and sum up with respect to 7, we get 


n—1 


n-1 
g(R( dei, GY) GZ, dex) = jaa oe (bY, 62) g (dei, de:) 
i=1 


© 
Il 
un 


= ee bZ)G(OY, bei) + G(PY, OZ)S(Ge:, ei) 
—9( ei, Z)S( PY, bei)]. (3.4) 


It can be easily verify by a straight forward calculation that [1], 


Yatn (de:, YZ, ber) = S(4Y, 02) + g(4Y, 62), (3.5) 
Y- S(er, de1) =r=—(n—-1)(a? —> ), (3.6) 
S gl der. 62)S(OY. es) = SOY, 62), (3.7) 
ve (de:, de:) = (n-1) (3.8) 
and = 
> 9(Gei, Z)9(GY, der) = (GY, 62), (3.9) 


By virtue of (3.5) - (3.8), the equation (3.4) becomes 


r—(n—1)(a? — p)—2(n—-1) 


n+1 


S(bY, 02) = { }9(OY, 02). (3.10) 
On substituting (2.7) and (2.15), (3.10) yields 


S(Y,Z) = kig(¥, Z) + kon(Y )n(Z), (3.11) 


where ky = {Po Dla" p)=2(n=1) 4 and kp = {Pa B a(n Vint (a?) Thus we proved the 


theorem. 


§4. M-Projective Pseudosymmetric (LCS),-Manifold 


Definition 4.1 An (LCS),,-manifold (M”",g) (n > 3) is said to be M-projective pseudosym- 


metric if it satisfies 


(R(X, Y)-W*)(U,V)E = Lw+(X AY)-W*)\(U,V)E, (4.1) 
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for any vector fields X,Y,U,V,E © TM”. 


Theorem 4.2 If an n-dimensional (LCS),-manifold M” is M-projective pseudosymmetric 
then either Lyw~ = (a? — p) or the manifold is Einstein manifold, provided (a? — p) # 0. 


Proof Let M” be M-projective pseudosymmetric. Putting Y = € in (4.1), we get 


(R(X,£)-W*)\U,V)E = Ly-[(XAOW*(,V)E-W*((XAOU,V)E 
—W*(U,(X AE)V)E —W*(U,V)(X ASE]. (4.2) 


Now the left hand side of (4.2) reduces to 
R(X, 8) -W°(U,V)E— W"(R(X,6)U,V)E— We, R(X, €)V)E-W"(U,V) R(X, 6) E. (4.3) 
In view of (2.10), (4.3) becomes 


(a? — p)[W*(U, V, BE, £)X — W*(U,V,E,X)E — (U)W*(X,V)E + 9({X,U)W*(E,V)E 
—n(V)W*(U, X)E + g(X,V)W*(U, €)E — n(T)W*(U,V)X + g(X, E)W*(U, VE]. (4.4) 


Similarly, right hand side of (4.2) reduces to 


Lw«|W* (U,V, E,O)X —W*(U,V, BE, X)E — n(U)W*(X, VE + g(X,U)W*(E, VE 
—n(V)W*(U, X)E + g(X,V)W*(U, €)E — n(E)W*(U,V)X + 9(X, E)W*(U, Vg]. (4.5) 


On replacing the expressions (4.4) and (4.5) in (4.2), we get 


[Lw~ — (a? — p)|{W*(U, V, B,€)X — W*(U,V, EB, X)E — n(U)W*(X, VE 
+9(X, UWE, VE — (VW, X)E + (X, VW", 2) E — n(E)W" (U,V) X 
+9(X, E)W*(U,V)E} =0. (4.6) 


Taking V = € and using (2.2) and (2.7) in the above equation, we obtain 
+9(X,U)W"(E, 8)E +W"(U, X)E + (X)W"(U, §).E — n(E)W"(U, €)X 

+9(X, E)W*(U, €)€} = 0. (4.7) 
On using (2.21) - (2.23), (4.7) gives either Lyw« = (a? — p) or 


W*(U,X)E = UX + ep 


—5(a? — p)g(U, B)X — 5(a? ~ p)a(X, Em(UE. (4.8) 


S(X, E)n(U)§ 
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The above equation implies 


W*(U,X,E,G) = may. E)9(X,G) + mays E)n(U)n(G) 
—3 (a? — p)a(U, E)g(X,G) - =(0? — p)a(X, Eyn(U)n(G) (4.9) 
Contracting (4.9) gives 
W*(e:,X, B,e;) = 0. (4.10) 


Simplifying (4.10), we finally obtain 


S(X, E) = (n—1)(a? — p)g(X, E). (4.11) 


Thus the proof of the theorem is completed. 


§5. ¢-M-Projectively Semisymmetric (LCS),,-Manifold 


Definition 5.1 An n-dimensional (n > 3) (LCS),-manifold is said to be ¢-M -projective 


semisymmetric if it satisfies the condition 
W*(X,Y)-¢=0, (5.1) 
which turns into 


(W*(X,Y)-¢)Z =W*(X,Y)oZ — oW*(X,Y)Z =0. (5.2) 


Before we state our theorem we need the following lemma which was proved in [19]. 


Lemma 5.2((19]) If M” is an (LCS),-manifold, then for any X,Y,Z on M”, the following 
relation holds: 


R(X,Y)oZ— oR(X,Y)Z = (a7 — p)if{g(¥, Z)n(X) — g(X, Z)n(V)}E 
+M(Z){n(X)¥ — n(V)X}]. (5.3) 


Theorem 5.3 If an n-dimensional (LC'S),-manifold is 6-M-projective semisymmetric then tt 
is a generalized n-Einstein manifold, provided (a? — p) # 0. 


Proof By virtue of (1.1), we have 

1 
2(n — 1) 
—S(X,b2Z)Y + g(¥,b2Z)QX — g(X,bZ)QY 
+S(Y, Z)OX — S(X, Z)bY + GY, Z)6QX — g(X, Z)bQY]. (5.4) 


W*(X,Y)6Z-O@W*(X,Y)Z = R(X,Y)6Z—- R(X, Y)Z - [S(Y, dZ)X 
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On using (2.13) and (5.3) in (5.4), we obtain 


(a? — p)[{g(¥, Z)n(X) — 9({X, Z)nV)}E + 0(Z){n(X)Y — n(¥)X}] 


— Fp aay lV 02)X — SX, OZ)Y + (n— 1)(0? — pal¥. 02) 
—(n —1)(a? — p)g(X, dZ)Y + S(Y, Z)@X — S(X,Z)bY 
+(n — 1)(a? — p)g(¥, Z)@X — (n — 1)(a? — p)g(X, Z)¢Y] = 0. (5.5) 


Taking inner product of (5.5) with T, we get 


(a* — p)[{g(¥, Z)m(X) — 9(X, Z)n(¥)}n(T) + n(Z){n(X)9(¥, TT) — nV )g(X, TY} 


yee $Z)9(X,T) — S(X, 6Z)g(¥,T) + (n — 1)(a? — p)g(¥, 62) 9(X,T) 
—(n — 1)(a* — p)g(X, 62Z)g(¥,T) + S(Y, Z)g(oX,T) — S(X, Z)g(9Y,T) 
+(n — 1)(a? — p)g(¥, Z)g(X,T) — (n — 1)(a? — p)g(X, Z)g(oY,T)] = 0. (5.6) 


Contracting (5.6) gives 


8(x,62) = COO De? — pig(x.02) + =D a? — patx.2) 
4 Na? — pul XZ). (5.7) 


Replacing X by ¢X in the above equation, we finally obtain 
S(X,Z) = Ag(X, Z) + w(X)n(Z) + vg (OX, Z), (5.8) 


where A = —(n — 1)(a? — p), uw = —2(n — 1)(a? — p) andy = a. 


This completes the proof. 


§6. Generalized M-Projective ¢-Recurrent (LC'S),-Manifold 


In 2008, Basari and Murathan [2] introduced generalized ¢-recurrent Kenmotsu manifold. Later, 
De [8] and Pal [9] studied generalized concircularly recurrent and generalized M-projectively 
recurrent Riemannian manifold. 


Definition 6.1 A (LCS),-manifold M” (n > 3) is said to be generalized M-projective - 


recurrent if it satisfies 
¢°((VuW*)(X,Y, Z)) = AU)W*(X,Y)Z + BU)[g(¥, Z)X — 9(X, Z)Y], (6.1) 


where A and B are two 1-forms, B is non-zero and are defined by A(U) = g(U, pi) and B(U) = 
g(U, pz). Here p, and p2 are vector fields associated to the 1-forms A and B respectively. 
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Theorem 6.2 If the (LCS),-manifold M” is generalized M-projective $-recurrent, then the 


associated 1-forms A and B are related as follows; 


[5 (@ — p) + rJA(U) + (n= 1)B(U) + dr(U) =0. (6.2) 


Proof Suppose that M™ is generalized M-projective ¢-recurrent (LC'S),-manifold. Then, 
by using (2.6), (6.1) takes the form 


(VuoW*)(X, Y)Z + ((VuoW"*)(X, Y)Z)E = A(UU)W* (X,Y) Z + BUU)[g(¥, Z)X — g(X,Z)Y]. (6.3) 
From (6.3), it follows that 


g((VuW*)(X, Y, Z),T) + 9((VuW*)(X, Y, Z), €)9(T, f) 


oh D [(VuS)(Y, Z)g(X,T) — (Vu $8)(X, Z)g(¥,T) + 9 (¥, Z)(VuS)(X,T) 


—aX, 2)(Vo8)(V)] = Fp l(VwSH)(V, Z)n(X) ~ (WoS)X, ZY) 
+9(¥, Z)(VuS\(X, 8) — 9X, Z)(VuS)(¥, O]n(T) = AWG RX, YZ, 7) 
— Hyg tS, BalX.D) ~ (KX, Z)a(V,T) + AV, Z)S(X,T) — 1X, Z)SW TI} 
+B(U)Ig(¥, Z)g(X,T) — 9X, Z)9(¥,T)] (6.4) 


On contraction, the above equation yields 


(VuS)(Y, Z) + n((Vu RYE, Y, Z)) — [(n — 2)(Vu S)(Y, Z) 


1 
a(n — Ty 


(Vo 8)(¥€)(Z)] = AWS 2) — 5 
+(n — 1)B(U)g(Y, Z). (6.5) 


1 
2(n — 1) 
+dr(U)g(Y, Z)] — VuS)(¥, Z) — (Vu S)(Z,€)n(V) + g(¥, Z)(VuS)(E, €) 


{(n — 2)S(Y, Z) + rg(¥, Z)}] 


In (6.5), setting Z = € and then using (2.2), (2.3), (2.7), (2.12) and (2.13) one can get 


(WSO = A] - ET nu) = awyise9 
E75 pr — 2)5(% 6) + en) + (m -— YBU)n(¥). (6.6) 


Now, taking Y = € in (6.6) and using (2.2), (2.7) and (2.24), we finally obtain (6.2). 
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§1. Introduction 


The notion of Lorentzian almost para-contact manifolds was introduced by K. Matsumoto [3]. 
Later on, a large number of geometers studied Lorentzian almost para-contact manifold and 
their different classes, viz., Lorentzian para-Sasakian manifolds and Lorentzian special para- 
Sasakian manifolds [4], [5], [6], [7]. In brief, Lorentzian para-Sasakian manifolds are called LP- 
Sasakian manifolds. The study of LP-Sasakian manifolds has vast applications in the theory of 
relativity. 

In an n-dimensional differentiable manifold M, (¢,&,7) is said to be an almost paracontact 
structure if it admits a (1,1) tensor field ¢ , a timelike contravariant vector field € and a 1-form 


7 which satisfy the relations: 


n(f) =-1, (1.1) 
PX =X+H(XYE, (1.2) 


for any vector field X on M. In an n-dimensional almost paracontact manifold with structure 
(¢,€,7), the following conditions hold: 


of = 0, (1.3) 
no¢p=0, (1.4) 
rank ¢6=n—-1. (1.5) 


Let M” be differentiable manifold with an almost paracontact structure (¢,€,7). If there 
exists a Lorentzian metric which makes € a timelike unit vector field, then there exists a 
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Lorentzian metric g satisfying 


IX, §) = 0(X), (1.6) 
IHX, PY) = G(X,Y) +0(X)n(Y), (1.7) 
(Vx@)¥ = Gg XV)E+ nV) X + 2n(X)n(V)E, (1.8) 


for all vector fields X,Y on M [2]. 


If a differentiable manifold M admits the structure (4, €,7,g) such that g is an associated 
Lorentzian metric of the almost paracontact structure (¢,€,7,g) then we say that M” has a 
Lorentzian almost paracontact structure (¢,€,7,g) and M” is said to be Lorentzian almost 
paracontact manifold (LAP) with structure (¢,,7,g) . 


In a LAP-manifold with structure (4, €,7,g) if we put 
A(X, Y) = 9(6X,¥), (1.9) 
then the tensor field 2 is a symmetric (0,2) tensor field [?], that is 
Q(X, Y) = AY, X), (1.10) 


for all vector fields X,Y on M”. A LAP-manifold with structure (¢,€,7,g) is said to be 
Lorentzian paracontact manifold if it satisfies 


OXY) = F{(Ven)¥ + (Ven) X} (1.11) 


and (¢,€,7,g) is said to be Lorentzian paracontact structure. Here V denotes the operator of 


covariant differentiation w.r.t the Lorentzian metric g. 


In a LP-Sasakian manifold we have the following results from [9]: 


Vx€ = oX, (1.12) 

(Vxn)¥ = Q(X,Y) = g(OX,Y), (1.13) 

R(X, YV)§ = 0(V)X — 1(X)Y, (1.14) 
MR(X,Y)Z) = g(¥, Z)n(X) — g(X, Z)n(V), (1.15) 
RE, X)E = A X)E— n(E)X = X + (XE, (1.16) 
S(X,§) = (n—1)n(X), (1.17) 

S(é,) = —(n— 1), (1.18) 

Qé = —(n— 1), (1.19) 


where R is the curvature tensor of manifold of type (1,3), S is Ricci tensor of type (0,2) and Q 
being the Ricci operator. An example of a five-dimensional Lorentzian para-Sasakian manifold 
has been given by Matsumoto, Mihai and Rosaca in [5]. 
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§2. D-homothetic Deformations of LP-Sasakian Manifolds 


Let M(¢,€,7,g) be an Lorentzian almost paracontact structure. By D-homothetic deformation 
[8], we mean a change of structure tensors of the form 


7 a7), gE 5° @ ¢, g ag + a(a = 1)n ® 1; 


where a is a positive constant. 


Theorem 2.1 Under D-homothetic deformation M(,€,7,9) is also an LP-Sasakian manifold 
M(4, &, 1); 9) i 


Proof Calculation shows that 


mG) = A=8) =an(-€) =n) =-1, 

O(X) = o(X)=X+0(XE, 

Bok = FO) = (28) = 46 =0, 

Hod = 7(o(X)) =an(o(X)) =0, 

rank @ = rank d=n-—1, 

m(X) = an(X) =ag(X,&), 

G(OX, bY) = G(OX, bY) = (ag +a(a—1)n @n)(GX, gY) = ag($X, oY), 
(Vx@)Y =(Vx@)Y¥ = G(X, V)E+en(Y)X + 2n(X) (VE. 


Theorem 2.2 Under D-homothetic deformation of a LP Sasakian manifold the following 
relation holds 


(Le9)(X, Y) = a(Leg)(X,Y), 


where Leg is the Lie derivative. 


Proof For an LP-Sasakian manifold we know (L,9)(X,Y) = 29(@X,Y) since g(¢X,Y) = 
g(X, dY). Under D-homothetic deformation 


(Le(X,Y) = 2G(oX,Y) 
= a(Leg)(X,Y) + 2(a* — a)n(oX)n(Y) 
= a(Leg)(X,Y). 


§3. D-homothetic Deformations of Curvature Tensors on LP-Sasakian Manifolds 


In this section we consider conformally flat LP-Sasakian manifold M"(¢,€,7,g) (n > 3). The 
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Wey! conformal curvature tensor C' is given by 


C(X,Y)Z = R(X,Y)Z— 1s, Z)X — 8(X,Z)Y +9(¥, ZQX 


(n — 1)(n — 2) 


For conformally flat manifold we have C(X,Y)Z = 0. So from (3.1) we have 


— G(X, Z)QY] + [9(Y, Z)X — G(X, Z)Y]. (3.1) 


R(X,Y)Z = —{5(Y, Z)X — 8(X,Z)Y + g(¥, Z)QX — 9(X, Z)QY} 
“GanG@aa a ee, (3.2) 


Putting Z = € in (3.2), we obtain from (1.14) 


nV)X (XY = —a{S(VOX - 8X OY + 8,HOX — 9 X,Y} 


“GoD aan Ot eas (3.3) 


Putting Y = € in (3.3) we calculate 


nEX — (XE = —{S(€,€)X — S(X, HE + SE, OEX — 9 X,OQE} 


n—-2 


“Troi a 96 )X — 9X, €)§}. (3.4) 


(n 


After some steps of calculations we obtain 
r r 
QX = (-1+ 7 )X + (Hh + (ADE — (n — 1) n(X). (3.5) 
Taking inner product with Y, above equation can be written as 


Te r 


S(X,Y)=(1+ 


——7)9(X,¥) + (-1+ — 


PX) 9(¥,§) — (n — 1)n(X). (3.6) 


In view of (3.5), (3.6) equation (3.2) takes the form 


n—-1 


ea esd) GD. 
+9(%.Z)n() [(E> = 15g = (n=) + 9, Z)000) 


RXY)Z s i, Z)X — 9X, 29) |(—1 + : ) 


«tye - tn] + xm) | - pnt - 2 
#¥n(X) (25 = Agta - 25). (3.7) 


For a conformally flat LP-Sasakian manifold, R(X,Y)Z is given by the equation (3.7). Again in 
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a LP-Sasakian manifold the following relation holds [9] 


R(X,Y)OZ = O(R(X,Y)Z) + 24m X)¥ — n(¥)X}n(Z) + 2f9(V Z)n(X) 
— 9X, Z) (VE — g(OX, Z)OY + g(PY, Z)OX — GY, Z)X 
+9(X, ZY. (3.8) 


Again, on using equations (1.15), (1.18) and (1.4) in (3.8) we calculate 
IPR(OX, PY)Z, PW) = g(R(Z,W)OX, oY). 


Using (3.8) and then (1.7), (1.15) in the above equation we obtain 


G(OR(OX, 6Y)Z,6W) = g(R(X,Y)Z,W) — g(W, X)n(Z)n(Y) + 9(Z, X)n(W)n(Y) 
+2n(Z)n(X)g(W, 6Y) — 2n(W)n(X)g(Z, 6Y) — 9(6Z, X)g(oW, oY) 
+9(oW, X)g(bZ, oY) _ GW, X)9(Z, gY) =F GZ, X)g(W, gY). (3.9) 


Replacing X,Y by ¢X and ¢Y respectively in (3.8) and taking inner product with dW we obtain 
on using (1.4) and (3.9) we get 


G(R(PX, GY)OZ,6W) = g(R(X,Y)Z,W) — g(W, X)n(Z)n(Y) + 9(Z, X)n(W )n(Y) 
+39(Y, OW) n(Z)n(X) — 39(Z, OY )n(W)n(X) + 29( OW, X)g(Z,Y) 
+29(@W, X)n(Z)n(Y) — 29(W, X)g(Z, oY). (3.10) 


Now we shall recall the definition of ¢-section. A plane section in the tangent space T,(M) is 
called a ¢-section if there exists a unit vector X in T,M orthogonal to € such that {X,¢X} is an 


orthonormal basis of the plane section. Then the sectional curvature 
K(X, 6X) = g( R(X, dX)X, OX) (3.11) 


is called a ¢-sectional curvature. A contact metric manifold M(¢,&,n,g) is said to be of constant 
¢-sectional curvature if at any point P € M, the sectional curvature K(X, @X) is independent of the 
choice of non-zero X € Dy, where D denotes the contact distributions of the contact metric manifold 


defined by 7 = 0. The definition is valid for Lorentzian manifolds also [10]. 


We give the following theorem. 


Theorem 3.1 In a LP-Sasakian manifold M(¢,&,n,g) the relation (Q¢ — ¢Q)X = 4ndX holds for 
any vector field X on M. 


Proof Let {Xi,¢Xi,€} (¢ = 1,2,--- ,m) be a local ¢—basis at any point of the manifold. Now 
putting Y = Z = X; in (3.10) and taking summation over i, we obtain by virtue of 7(X;) = 0, 
UHR(OX, bXi)OXi = OR(X, Xi)Xi + 26X (Xi, Xi). (3.12) 
Again setting Y = Z = #X; in (3.10) we have 


DOR(OX, b? Xi) gb? Xi = UR(X, OXi)GXi + 2X G(Xi, Xi). (3.13) 
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Adding (3.12) and (3.13) and using the definition of Ricci operator, we calculate 


b(Q(OX) — RMX, €)§) = QX — R(X, E)E + AndX. 
We can write from (1.16) 
R(PX, E)E = bX. 


Using (3.18) and (3.14) 
O(Q(bX)) = QX + Angx. 


Operating ¢ on both sides and using (1.17) 


Q(oX) — O(QX) = 4ngx. 


By virtue of (3.17) theorem (3.1) is proved. 


For the next proof we consider the symbol Wye where Wie denotes the difference it ka Tr kh O 


Christoffel symbols in an LP-Sasakian manifold [8]. In global notation we can write 


W(Y,Z) = (1 a)[n(Z)O¥ + m(Y)OZ] + (1 — =)(Vvn)Z + (Wen)Ve, 


for all Y, Z € x(M). We state our next theorem. 
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(3.14) 


(3.15) 


(3.16) 


(3.17) 


(3.18) 


Theorem 3.2 Under a D-homothetic deformation, the operator Q¢ — ¢Q of a LP-Sasakian manifold 
M(¢,€,7,g) is conformal. 


Proof If R and R denote the curvature tensors of the LP-Sasakian manifold M(¢,€,n,g) and 


M(@,€,7,9) respectively then we know from [8] 


R(X,Y)Z = R(X,Y)Z+(VxW)(Z,Y) —(VyW)(Z,X) 
+W(W(Z,Y), X) — W(W(Z,X),Y). 


Using (1.18) in (3.18) we calculate 
W(Y,Z) = (1—a)ln(Z)O¥ + m¥)OZ] + (1 2)9( OY, Z)E. 


Taking covariant differentiation w.r.t. X and after using (1.8), (3.2), we obtain, 


(VxW)(Y,Z) = (1—a)[9(OX, Z) OY + g(X,Y)n(Z)€ + 2n(Z)n(¥)X 
+4(X)n(¥)n(Z)E + (bX, Y)bZ + G(X, Z)n(VE] 
+(1 = =)9(6¥, 2) 4X. 

Using (3.21) in (3.19) we obtain 


R(XX,Y)Z = R(X,Y)Z4+ (1—-a)n(Y)g(X, DE 
+2(1 = a)n(Z)M(Y)X + (1 = a)g(OX, Z)OY + (1 = =)9(82,Y)OX 
~(1= ag ¥, ZX 


~2(1 — a)n(X)n(Z)Y — (1 — aa $Y, Z)6X - (1-+ 


a 


)9(GZ, X)oY 


(3.19) 


(3.20) 


(3.21) 
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+(1 = a)n(¥)[(1~ =)9(G?Z, XY] + (1 — a)n(Z) [1 — a) XY 
+(1~ =)9(¢*¥, X)G + (1 - +)9(62,X)[-(1 - 0) 4X] 
~(1~a)n(X)[(~ =)9(6Z, ¥)€] — (1 — a)n(Z)[ — a)n(V)9?X 
+(1 ~ =)9(6°X, Y)E] — (1- =)9($2, X)[-(1 — a) 4}. (3.22) 
From (3.22) we get 
aS(Y,Z) = S(Y,Z)+ fe (3.23) 
Using the properties of Ricci operator 
aQY =QY + few 
Operating ¢ = ¢ on both sides from left hand side 
ad QY = dQY + Ce 
Operating ¢ = ¢ on both sides from right hand side 
aQ bY = Q¢Y + a 
Subtracting the above two equations we obtain 
a($ 0-2) = (4Q- Q¢). (3.24) 


The equation (3.24) proves our theorem. 


We can also prove the following theorems as a consequence of D-homothetic deformation. 


Theorem 3.3. Under D-homothetic deformation, an n—LEinstein LP-Sasakian manifold remains in- 


variant. 


Proof In an 7-Einstein LP-Sasakian manifold [9] 


S(X,Y) = [5 - Mo XY) + [— - nlnX)¥) 
Under D-homothetic deformation we get 
5(X,¥) = [a(—L — )]g(X,¥) + [ala — (2 - 1) + a(S — nn X)n(¥) 


Hence the result is proved. 


Theorem 3.4 Under D-homothetic deformation, the ¢-sectional curvature of a LP-Sasakian manifold 


is conformal. 
Proof Putting Y = ¢X,Z = X in (3.12) and taking inner product with ¢X, we obtain on using 
(1.4) and the orthogonality property we get 


ag(R(X, oX)X, 6X) = g( R(X, 6X)X, 4X) + (a=) (3.25) 
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Ak ROR KR ah =). 


Theorem 3.5 There exists LP-Sasakian manifold with non-zero and non-constant d-sectional curva- 


ture. 


Proof If the LP-Sasakian manifold satisfies R(X,Y)€ = 0, then it can be proved easily that 
K(X,@X) =0 and therefore from (3.25) we can conclude that K(X,¢X) 40 fora #1 where X isa 


unit vector field orthogonal to €. Hence the result is proved. 


§4. An Example of a LP-Sasakian Manifold 


In this section we shall prove the equality (3.25) by taking an example of LP-Sasakian manifold [1]. Let 
us consider a 5-dimensional manifold M = {(a,y,z,u,v) € R° : ((z,y,z, u,v) 4 (0,0,0,0,0)} where 


(x,y, Z, u,v) are the standard coordinate in R°. The vector fields 


eneas ree ce gest ee Ore, collar es gee: 
On | Oe 2 Oy 8 Oz? “Bu dz’ «OO 


are linearly independent at each point of M. Let g be the Lorentzian metric defined by 


g(ei,e;) = 1, for i=jz 43, 
g(ei, ej) = 0, for iF j, 
g(e3,e3) = —l. 


Here i and j runs from 1 to 5. Let 7 be the 1-form defined by 7(Z) = g(Z,e3), for any vector field Z 
tangent to M. Let ¢ be the (1, 1) tensor field defined by 


de1 =e2, fdez=e1, be3=0, dea=e5, bes = ea. 


Then using the linearity of ¢ and g we have 


nes)=—1, $°Z=Z+n(Z)es, 
for any vector fields Z,W tangent to M. Thus for e3 = g, M(4, €,7,g) forms a LP-Sasakian manifold. 


Let V be the Levi-Civita connection on M with respect to the metric g. Then the followings can 
be obtained 


lei, €2] = —2e3, lei, €3] => 0, [e2, €3| = 0. 
On taking e3 = € and using Koszul’s formula for the metric g, we calculate 
Ve 63 = e€2, Ve 2 = —é3, Ve e1 = 0, 


Vere3 =e1, Vese2=0, Verei = 63, 


Ve3e¢3 =0, Vege2=€1, Veze1 = €2. 


Using the above relations, we can easily calculate the non-vanishing components of the curvature 
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tensor as follows: 


R(e1, €2)e2 = 3e1, R(e1, €2)e1 — 3e2, R(e2, €3)e3 = —e2, 
R(e1,e3)e2 =0, R(e1,e3)e1 = —e3, R(e2,e3)e2 = 3, 


R(e1, e2)e3 = 0. 


In equation (3.22) we put X = e1,Y = ¢e1, Z = e1. Taking inner product with ¢e1 we obtain 


aK (e1, ¢e1) — K(e1, de1) =a— -. 


Hence, by this example Theorem 3.4 is verified. 
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Abstract: In literature, there are three affine frames commonly used for space curves, which 
are called equi-affine frame, Winternitz frame and intrinsic affine frame, respectively. In this 
study, we examined the position vectors of the space curves in affine 3-space for each of these 
three frames separately, in terms of lying in the planes {T, N}, {T, B} and {N, B} which are 
known as osculating, rectifying and normal planes, respectively and we obtained the position 


vectors and we gave some conclusions. 
Key Words: Position vector, equi-affine frame, Winternitz frame, intrinsic affine frame. 
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§1. Introduction 


Affine differential geometry is the study of differential invariants with respect to the group of affine 
transformation. The group of affine motions special linear transformation namely the group of equi- 
affine or unimodular transformations consist of volume preserving (det(ajx) = 1) linear transformations 


together with translation such that 
3 
GH) taser JSY28 
k=1 


This transformations group denoted by ASL(3,I1R) := SL(3,IR) x IR? and comprising diffeomor- 
phisms of [R° that preserve some important invariants such curvatures that in curve theory as well. 
An equi-affine group is also called an Euclidean group [3]. 

Salkowski and Schells gave the equi-affine frame [4], Kreyszig and Pendl gave the characterization 
of spherical curves in both Euclidean and affine 3-spaces [3]. Su classified the curves in affine 3-space by 
using equi-affine frame [6]. Winternitz dwelled on the insufficiency of equi-affine frame for curves class 
of C® and defined the new frame known as Winternitz frame [5,1]. Davis obtained new affine frame by 
defining intrinsic affine binormal and in this study, we called that frame as intrinsic affine frame [2]. 

A set of points that corresponds to a vector of vector space constructed on a field is called an 


affine space associated with vector space. We denote A3 as affine 3-space associated with J R*. Let 
a: J — A3 


represent a curve in A3, where t € J = (t1,t2) C IR is fixed and open interval. Regularity of a curve 


1Received November 03, 2018, Accepted May 25, 2019. 
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in A3 is defined as} @ @ @ | #0o0n J, where a = da/dt, etc. Then, we may associate a with the 


i 1/6 
s=a(t)= || 4 etl ae 
ty 


which is called the affine arc length of a(s). The coordinates of a curve are given by three linearly 


invariant parameter 


independent solutions of the equations 
al”) (s) + k(s) 0” (8) + 72 (8) a! (s) =0 (1) 
under the condition 
a’(s) a” (s) a’”(s) |=1 (2) 


where k(s) and Tq (s) are differentiable functions of s. 


§2. Position Vectors of the Curves in Affine 3-Space According to 


Equi-Affine Frame 


Let a(s) be a regular curve with affine arc lengh parameter s. The vectors a’ (s), a’ (s) and a” (s) are 
called tangent, affine normal and affine binormal vectors respectively, and the planes sp {a’ (s), a” (s)}, 
sp{a’(s),a’” (s)} and sp{a” (s) a” (s)} are called osculating, rectifying and normal planes of the 


curve a(s). Thus, the frame 


T'(s) = N(s), 
N'(s) = B(s), (3) 
B'(s) = —tTa(s)T(s) — k(s)N(s) 


is called equi-affine frame, where k(s) and Ta(s) are called equi-affine curvature and equi-affine torsion, 


which are given as follow 
ks) = | al(s) a(s) al) (s) | (4) 
ta(s) = —| a(s) a’”(s) at) (5) |. (5) 
Let f (8), g(s) and A(s) be differentiable functions then we can write 
a(s) = f(s) T(s)+ g(s) N(s) + h(s) B(s) (6) 


and by differentiating equation (6) with respect to s and by using equations (3), we obtain 


' / h'(s) + g(s) 
0=(f (s) —A(s) ko(s)— 1p T(s) +1 f(s) +9 (8) N(s) + B(s) 
{ } { g (s)} Henig 


Therefore, for a’ (s) = N(s) and B(s) = a’ (s), we obtain the following theorem. 


Theorem 2.1 Let a(s) be a unit speed curve in A3, with equi-affine curvature k(s) and with equi- 


affine torsion Ta(s), then a(s) has the position vector in (6) according to equi-affine frame for some 
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differentiable functions f(s), g(s) and h(s) satisfy the equations 


Assume that the position vector of a(s) always lies in the plane sp{N(s), B(s)}. Position vector 


of the curve a(s) satisfies the equation 
a(s) = g(s) N(s) + h(s) B(s) (7) 


for some differentiable functions g(s) and h(s). Differentiating equation (7) with respect to s, we 


obtain 
0 = {-h(s) Ta(s) — 1} T(s) + {g' (s) — h(s)k(s)} N + {h' (s) +9 (s)} B(s) 


It follows that 


h(s) Ta(s) = -1, 
g' (s)—h(s)k(s) = 0, (8) 
h'(s) +9 (s) = 
and h(s) = On g' (s) =—h" (s). Therefore, from the second equation we get 
h” (s) +h(s) k(s) =0 (9) 


and also 


(<5) eer (10) 


and we find 


1 \" sk 
Sm ae ees 0, 
Ta(s) Ta(s) 
then, a(s) is a curve whose position vector according to equi-affine frame always lies in the sp{ N(s), B(s)} 


if and only if a(s) is the solution of the differential equation of 


In the case of k(s) = 0, from the first and the second equation of (8) g(s) = co, h(s) = IO] 


pene . Thus, from (7), the position vector of a (s) 


and from the third equation of (8), we get Ta(s) = 


satisfies the following differential equation 


(cos — e1)a’”"(s) — coo” (s) +a(s) =0. 
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In the case of k(s) nonzero constant, from the second and the third equation of (8) 


g(s) = cWVksin(Vks) — c1Vk cos(Vks) 
h(s) = csin(Vks) + cz cos(Vks) 


and from the first equation of (8) 


24 
C1 sin(Vks) +2 cos(Vks) ; 


Ta(s) = 


From (7), the position vector of a(s) satisfies the following differential equation 
(c2 ksin(Vks) — c1 kcos( Wks) ) a” (s) + (c: sin(Vks) + co cos(Vks)) al”’(s) = a(s) 


It is clear that 7.(s) cannot be zero from the first equation of (8). 
In the case of Ta(s) nonzero constant, from the first and the third equation of (8) g(s) = 0, 
h(s) = = and from the second equation of (8), we obtain k(s) = 0. From (7), the position vector of 


a(s) satisfies the following differential equation 


a" (s)+Taa(s) =0 


3—7abs — 3=7Gas 3- 
a(s)=ce 2 + ce z + c3e¥ 7%, 


In the case of 7Ta(s) and k(s) nonzero constants, from the first and the third equation of (8) 
g(s) = 0, h(s) = = and from the second equation of (8), we obtain k(s) = 0. By using (7), the 


position vector of a (s) satisfies the following differential equation 


a’"(s)+Taa(s) =0 


3 3 


a(s) =cie + ce 


where a and 0 are scalars that can be complex in general. Hence, we know the following theorem. 
Theorem 2.3 Let a(s) be a unit speed curve in Az , with the equi-affine curvature k(s) and with the 
intrinsic affine torsion Ta(s) whose position vector lies in sp{ N(s), B(s)} then the followings are true, 


(1) If k(s) =0 and Ta(s) = ana then position vector of a(s) satisfies the equation 


(cos — e1)a"""(s) — con” (s) + a(s) = 0; 


(2) If k(s) > 0 constant and ta(s) = = then position vector of a(s) satisfies the equation 


where w = ci sin(Vks) +2 cos(Vks); 
(3) There is no curve whose Ta(s) = 0 in A3; 
(4) If Ta(s) <0 constant then k(s) =0 and position vector of a(s) is 


a(s) = cre?* + cae”? + cge?3*, 


where pi = eae, p2 = ew ase and p3 = </—Ta. Here, a and b are scalars that can be complex in 


general. 
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We assume that the position vector of a(s) always lies in the plane sp{T(s), B(s)}. Position vector 


of the curve a(s) satisfies equation 
a(s) = f(s) T(s) +(s) B(s) (11) 


for some differentiable functions f(s) and h(s). Differentiating equation (11) with respect to s, we 
obtain 

O={f' (s)T(s) — h(s) ta(s) — 1} T + {f (s) — h(s) k(s)} N +h’ (s) B(s). 
It follows that 


f'(s)—h(s)Ta(s) = 1, 
f(s)—A(s)k(s) = 0, 
h'(s) =0 


and it is clear thath (s) = co and then, 


f'(s)-cota(s) = 1, 
{OOK =, 
k'(s) — Ta(s) = ot 


Therefore, we obtained 
a(s) = coki(s)T(s) + coB(s). 
By considering a’ (s) = T(s) and a’” (s) = B(s), we can give the following theorem. 
Theorem 2.4 Let a(s) be a unit speed curve in A3 , with nonzero affine curvatures satisfying 


K'(s) — tals) = — 


then, a is a curve whose position vector according to equi-affine frame always lies in the sp{T(s), B(s)} 


if and only if a is the solution of the differential equation of 


cok(s)a’ (s) + coa’” (s) — a(s) = 0. 


In the case of k(s) = 0, from the second and the third equation of (12) 


h(s)=co, f(s) =0, Tals) #0 
and from the first equation of (12) we get 


-1 
Ta(s) = 7 


Thus, from (11), the position vector of a (s) satisfies the following differential equation 


coa’” (s) — a(s) =0 


—as b 


Qa (s) = cye 2(co)'/8 + cpe 2(0) 1/3 + cge (eo) 1/3 3 


In the case of k(s) nonzero constant, from the second and the third equation of (12) h(s) = co, 


f (s) = cok and from the first equation of (12) Ta(s) = rae From (11), the position vector of a(s) 
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satisfies the following differential equation 


coa’”’(s) + coka’ (s) — a(s) =0 


{=(e0) 1/327 1/3 ar? +h{ -2d(c9)?/F +eok321/3o} bs 


a(s) = ce 8(e9)7/9 
—{=(c9)1/3271/3 ba? +h {2d(c0)?/F +eok321/3.a}}s 
+ce 6(cg)2/3% 
{ (co 1/827 1/3 x2 4eqk221/3—(co)2/3kA}s 
+c3e 3(cg)2/3X 


where 
d = (—2k3 co + 3x/—12cok3 + 81 + 27)'? 


and a, b are scalars that can be complex in general. 
In the case of Ta(s) = 0, from the second and the third equation of (12) h(s) = co, f (s) = cok(s) 


and from the first equation of (12), we obtain 


k(s) = as +c. 
Co 


From (11), the position vector of a (s) satisfies the following differential equation 
coa’”(s) + eok(s)a’ (s) — a(s) = 0. 


In the case of Ta(s) nonzero constant, from the second and the third equation of (12) h(s) = co, 
f (s) = cok(s) and from the first equation of (11), we obtain k(s) = AteoTa 5 +c. From (12), the 


position vector of a (s) satisfies the following differential equation 
coa’”’(s)co + k(s)a’ (s) — a(s) = 0. 
In the case of T2(s) and k(s) nonzero constants, from the second and the third equation of (12) 


h(s) = co, f(s) = cok and from the first equation of (12) we obtain ta = By using (11), the 


position vector of a (s) satisfies the following differential equation 
coa’”’(s) + coka’ (s) — a(s) = 0. 


Hence, we obtain the following theorem. 


Theorem 2.5 Let a(s) be a unit speed curve in Az , with the equi-affine curvature k(s) and with the 


intrinsic affine torsion Ta(s) whose position vector lies in sp{ N(s), B(s)} then, the followings are true. 


(1) If k(s) =0 and Ta(s) = = then position vector of a(s) satisfies the equation 


gis 4 o28 | $38 


a(s) =cie tL ce L C3€ 


URETe ii Seats = age ONE PS = eal 


(2) If Ta(s) and k(s) are nonzero constants then position vector of a(s) satisfies the equation 


a(s) = cre?! + coe”?* + cge%3* 
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where 
{ (co) 792-302? +k {-2A(co)?/* fe cok?2/5} } 
= 6(co)2/3X 
2 { =(co)/92-4/B. +k {2X(co)?/? 4 cok?2"/3a\ 
22. = 6(co)2/3A 
{ (co)*/32-4/89? + egk22t/3 — (co)?/*ex} 
= Secs. = - = 
d = (—2k3 co + 3\/—12cok? + 81 + 27)'? 
and c1, C2,¢3 € IR? such that | C1 2 63 | = 1 anda, b are scalars that can be complex in general; 


(3) If ta(s) = 0, and k(s) = as +1 or Ta(s) nonzero constant and k(s) = sista 5 +c, then 


position vector of a(s) satisfies the equation 


coa’”(s)co + k(s)a’ (s) — a(s) = 0. 


Now, assume that the position vector of a(s) always lies in the plane sp{T(s), N(s)}. Position 


vector of the curve a satisfies equation 
a(s) = f (s)T(s)+ g(s) N(s) (13) 


for some differentiable functions f(s) and g(s). Differentiating equation (13) with respect to s, we 


obtain 
O= {f' (s)—1} T(s) + { 9 (8) +f (8)} N(s) + 9(s) Bs). 
It follows that 


1 
g'(s)+ f(s) = 0, (14) 
0 


There is no f(s) and g(s) satisfying equations (14). Thus, we get the following theorem. 


Theorem 2.6 There is no curve in A3 whose position vector always lies in the sp{T(s), N(s)} according 


to equi-affine frame. 


§3. Position Vectors of the Curves in Affine 3-Space According to Winternitz Frame 


Let a(s) be regular C°—curve with affine arclenght parameter s. A. Winternitz in [5] defined a new 


equi-affine frame by taking 
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which are called the first and the secod affine curvatures (also we called them the first and the second 
Winternitz affine curvatures). Here, k(s) and Ta(s) are called equi-affine curvature and equi-affine 
torsion given in (4) and (5). Winternitz frame (also called equi-affine frame for C’°—curves) is defined 


with the equations 


T'(s) = N(s) 
N'(s) = ki(s)T(s) + B(s) (15) 
B’(s) = ko(s)T(s) +3ki(s)N(s). 


Let f(s), g(s) and h(s) be differentiable functions, then we can write 
a(s) = f(s)T(s)+ g(s) N(s) +h(s) B(s). (16) 


Differentiating equation (16) with respect to s and by using equations (15), we obtain 


pL FOF 90K Lay f #OtF0) 


N(s h' (s s)' Bls 
+h(s) ke(s) —1 +3h (s) ki(s) (s)+{ (s) +9(s)} (s) 


Therefore, for a’ (s) = N(s) and B(s) =a’ (s) + KS) g! (s), we get the following theorem. 


Theorem 3.1 Let a(s) be a unit speed curve in A3, with Winternitz curvatures k1(s) and ko(s), then 
a(s) has the position vector in (17) according to Winternitz frame for some differentiable functions 
f(s), g(s) and h(s) satisfies the equations 


f'(s) + g(s)k1(s) +h(s)ko(s) = 1 
g' (s) + f (s) + 3h (s) k1(s) Sy 
h'(s) +9(s) at 14 


Assume that the position vector of a(s) always lies in the plane sp{N(s), B(s)}. Position vector 


of the curve a(s) satisfies the equation 
a(s)= g(s) N(s) + h(s) B(s) (17) 


for some differentiable functions g(s) and h(s). Differentiating equation (17) with respect to s, we 


obtain 
O= {9(s) ki(s) +h(s) ko(s) — 1} T(s) + {9' (8) + 3h (s) ki(s)} N(s) + {h' (s) + g(s)} B(s). 


Thus, we have the following equations 


g(s) ki(s) +h(s)ke(s) = 1 
g' (s) + 3h (s) ki(s) = 0 (18) 
h! (s) +9(s) = 


From the first and the third equation of (18) 


h' (s) ki(s) — h(s) ko(s) +1 =0 
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then solution is r 
Ss 

h(s)=~4— | ——~+0o0}, 19 

w=«{- [So +e} (19) 


and from the second equation for g’(s) = —h” (s) we get 


kg(s) 4 
where y = e! me) 


h” (s) — 3h (s) ki(s) = 0. (20) 
Then by using (19), (20) it turns to 
aVdS?. i oa (ko(s))” _ f ka(s) "| _ _ka(s) ki(s) 
Af aa? }{*O- Gay ket i eerteere  & 


and we find 


a()={¢' | So - a+ s2ohww—ef [ a5 - a} Be, 


By considering a” (s) = N(s) and B(s) =a’ (s) + KS) gy! (s), we get the following theorem. 


Theorem 3.2 Let a(s) be a unit speed curve in A3 , with nonzero Winternitz curvatures satisfing 
(21), then a(s) is a curve whose position vector according to Winternitz affine frame always lies in 
sp{ N(s), B(s)} if and only if a(s) is the solution of the differential equation of 


OLS ais — 50" (8) — [6'S ates — or + ato") | _ 
2 {f ata — co} k(s)a’ (s) +0(s) 


In the case of ki(s) = 0, from (18), we obtain g(s) = co, h(s) = —cos +c; and ke(s) = 4 


—cos+cy" 
From (17), position vector of a(s) satisfies 


(cos — e1) a” (s) — coe” (8) +a (s) = 0. 
In the case of ki1(s) # 0 constant, from the second and the third equation of (18), we get 
h" (s) — 3kih(s) =0 


and the solution is 
h(s) =cie’Y SR +oe °Y Shy 


Also, from the first equation, we get the second curvature is 


i+ ci V3kie8¥ 2"! — co./3kie7 8 V3"! 


ko(s) (c1e°V5F + cge-°V5Ri) 


and so g(s) is 
g(s) = V3k1 {cxe™*” BR _ os e8V ey : 


From (17), position vector of a(s) satisfies 


(ceiver 4 egy) al” (s)+ Viki { cx 8V = ee al” (s) 
—ky (cre BRL 4 eye SV =) a’ (s) — a(s) 
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In the case of k2(s) = 0, from the first and the third equation of (18), we obtain g(s) = TOP 


h(s)=—f tO] + co and from the second equation of (18), we obtain the relation of the curvatures 
ki (s)ki(s) — 3k,(s) + 3k1(s)? = 0. 
Thus, from (17), position vector of a(s) satisfies 


(- / os + c) al” Gye ao a Gia (-/ ma zs o) ki(s)al (s) — a(s) =0. 


In the case of k2(s) nonzero constant, from the first and the third equation of (18), we obtain 


(oa { gz bevels! Hr}, 9(e) = — Rel! wt 


and from the second equation of (18), we obtain the relation between the curvatures as follows 


|} agehel rity 4 SPU) 9. 


ki (s)? ko 


From (17), position vector of a(s) satisfies 


k ds ifn Ae ds 
{zt + coe 2S Res \ al” (s) — Rime 2S Rey a’ (s) 


3 =0. 
— {d+ coc?! HET} ka (sha! (5) — a(s) 


In the case of ki(s) and k2(s) nonzero constants, from the first and the third equation of (18), we 
get 


1 korg ke 
h(s) = rs + coe", g(s)= ge 


and also from the second equation of (18), we get the relation between the curvatures as follows 
2 2 Bog 3 
{3(ki)” — (k2)”} cokoe™1* + 3(k1)° = 0. 


From (17), position vector of a(s) satisfies 


Therefore, we get the following theorem. 
Theorem 3.3 Let a(s) be a unit speed curve in Az , with the Winternitz curvatures k1(s) and ko(s), 
whose position vector lies in sp{ N(s), B(s)} then, the followings are true. 


(1) If ki(s) =0 and ka(s) = =a then position vector of a(s) satisfies the equation 


(cos — e1) a” (s) — coo” (8) + aw (s) = 0; 
(2) If ki(s) > 0 is constant and ko(s) = Le then position vector of a(s) satisfies the equation 
Gua” (s) — @'a" (s) — kuGa' (s) — a(s) =0 


where @ = cen eRt ls cge 8 VAI. 


) 


(3) If ko(s) = 0 and ki(s) satisfy k{(s)ki(s) — 3k\(s) + 3k1(s)® = 0 then position vector of a (s) 
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satisfies the equation 


where p = — f <2h5 +00; 


(4) If k2(s) 1s nonzero constant, ki(s) and kz satisfy 


3k1(s)? — (ke)? kof xS2, 
{ (se fS 


3ky (s) 
) — = 
oF he 0 


then, the position vector of a(s) satisfies the equation 


{et eoo} ats) - Pa" (a) — {E+ cod} in(s)a! (s) — (8) =0 


where ¢ = eb Ae ; 
(5) If ki(s), k2(s) nonzero constants and satisfy the equation 
k 
{3(k1)? — (ko)?} cokze™® +.3(ki)® =0 


then, the position vector of a(s) satisfies the equation 


eo +eov ) al” (s) — Cae (s) — a +cov } kia’ (s) —a(s) =0 
ko k ko 


1 


Ka, 
wherev=e*1. 


We assume that the position vector of a(s) always lies in the plane sp{T(s), B(s)}. Position vector 


of the curve a(s) satisfies equation 
a(s) = f(s) T(s) + h(s) B(s) (22) 


for some differentiable functions f(s) and h(s). Differentiating equation (22) with respect to s, we 


obtain 


O= {f' (s) +h(s) ka(s) — 1} T(s) + {f (s) + 3h (s) ki(s)} N(s) +h’ (s) B(s), 
it follows that 
f' (8) +h (s) ko(s) =1 
f (s) + 3h (s) ki(s) =0 (23) 
h’ (s) =0 
for h(s) = co. From the first and second equations of (23), we get 
ka(s) — 3k4(s) = > 
Co 
and 
f (s) = —3cok1(s). 
Therefore, we obtained 
a(s) = —3cok1(s)T(s) + coB(s). 


By considering a’ (s) = T(s) and B(s) =a’ (s) + BS) g/ (s), we get the following theorem. 
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Theorem 3.4 Let a(s) be a unit speed curve in A3 with nonzero Winternitz curvatures satisfing 
ko(s) — 3ki(s) = oe then, a(s) is a curve whose position vector according to Winternitz affine frame 


always lies in sp{T(s), B(s)} if and only if a(s) is the solution of the differential equation of 


coa’” (s) — 4coki(s)a’ (s) — a(s) =0 


In the case of ki(s) = 0, from (23), we find h(s) =co, f(s) =0 and k2(s) #0. From (22), we get 
coo” (s) —a(s) =0 


and the solution is nai ‘ 
a (s) = ce 2(co) 1/3 + ce 2(e9) 1/3 + cge (co)1/3 : 


In the case of k1(s) nonzero constant, from the second and the third equation of (23), we obtained 


h(s) =co, f (s) = —3cok1 and also ko(s) = ane From (22), we get a(s) satisfies the equation 
coa’” (s) — 4eokia" (s) — a(s) = 0. 


In the case of k2(s) = 0 constant, from the first and the third equation of (23) f(s) = s+ ci, 
h(s) =co and from the second equation of (23), we obtain ki(s) = = From (22), we get that a(s) 
satisfies the equation 

3coa’” (s) + 4(s + c1)a’ (s) — 3a (s) = 0. 


In the case of k2(s) nonzero constant, from the first and the third equation of (23) h(s) = co, 
f (s) = (1 — cok2)s + c, and from the second equation of (23), we obtain ki(s) = Cokes From 
(22), we get that a(s) satisfies the equation 


3coa’” (s) + 4((1 — cok2)s +1) a’ (s) — 3a(s) = 0. 


In the case of ki(s) and k2(s) nonzero constants, from the first and the third equation of (23) 
h(s) =co, f (8s) = —3cok1 and also from the second equation of (23), we obtain kz = me From (22), 
we get 

coa’” (s) — 4coki a’ (s) — a(s) =0 
and the solution is 
{4h1 (co)?/3 0121/3 ~ay? }s — {4h (c9)?/3121/3.a—e?b} 5 
a(s) = cae © 4+ae7° Re 
121/3 f aie (e9)?/3124/3 467 bs 


t+ oF 
+c3e 6e(co) ; 


3 
where y = {9 + ./—768(co)?(k1)3 + st} . Hence, we can give the following theorem. 


Theorem 3.5 Let a(s) be a unit speed curve in A3 with the Winternitz curvatures ki(s) and ka(s), 


whose position vector lies in sp{ N(s), B(s)}, then, the followings are true. 
(1) If ki(s) =0 then position vector of a(s) is 
a(s) = cie"™* + cge"?* + cge"* 


for some ko2(s), where r1 = TERIA: and r3 = 
co 


a ee —i_. 
2(ep) 178? 82 ~ 2G (eo)173? 
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(2) If ki(s) and k2(s) are nonzero constants then, position vector of a(s) is 


vis | pe 3s 


a(s) =cie + ene?" + ege"3*, 


where 


{ 4k: (co)?/3b12'/3 = ay*} 


eS 129 
a { 4s (co)?/312'3.@ — ero} 
y= aa 
1921/3 { 4k (co)?/9124/8 sje y*} 
om Blea)" 


1/3 
os {9 4+ /—768(c0)?(Fi)? + si} 
and a, b are scalars that can be complex in general; 


(3) If ko(s) =0 and ki(s) = = then, position vector of a(s) satisfies the equation 


3coa"’ (s) + 4(s + e1)a! (s) — 3a(s) = 0; 


(4) If k2(s) is nonzero constant and ki(s) = wet then, position vector of a(s) satisfies 


the equation 
3coa’” (s) + 4((1 — cok2)s +1) a’ (s) — 3a(s) = 0. 


Now, assume that the position vector of a(s) always lies in the plane sp{T(s), N(s)}. Position 


vector of the curve a(s) satisfies equations 
a(s) = f(s)T(s) + g(s) N(s) (24) 


and 
O0={f' (s)+ 9(s)ki(s)— 1} T(s) + { 9! (8) + f (s)} N(s) + 9 (s) B(s) 


for some differentiable functions f(s) and g(s). Differentiating equation (24) with respect to s, we 


obtain 
f'(s)+ g(s)k(s) = 1 
g (8) + f(s) = 0 (25) 
9 (8) = 0. 


There is no f (s) and g(s) satisfying equations (25). Thus, we get the following theorem. 


Theorem 3.6 There is no curve in A3 whose position vector always lies in sp{T(s), N(s)} according 


to Winternitz affine frame. 


§4. Position Vectors of the Curves in Affine 3-Space According to Intrinsic 


Equi-Affine Frame 


a’(s), N(s) := a""(s), B(s) := k(s)a’(s)+ 


In [2], D. Davis obtained a new affine frame by taking T(s) := 
a’”"(s) (which is called intrinsic affine binormal) and Ta(s) := k(s) — 74(s) (which is called intrinsic 
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affine torsion) with the equations 


T'(s) = Ns) 
Ni(s) = —h(s)T(s) + B(s) (26) 
B'(s) = —Ta(s)T(s). 

We called {T'(s), N(s), B(s)} is intrinsic affine frame. Here, k(s) and Ta(s) are called equi-affine cur- 


vature and equi-affine torsion given in (4) and (5). 


Let f(s), g(s) and h(s) be differentiable functions then, we can write 
a(s) = f(s)T(s)+ g(s) N(s) + h(s) B(s). (27) 


Differentiating equation (27) with respect to s and by using equations (26), we obtain 


h''(s) + g(s) 


B(s). 
—h(s) k(s) 


O={f' (s) —h(s) Tas) —1} T(s) + { f(s) +9 (s)} N(s) + 
For a” (s) = N(s) and B(s) = k(s)a’(s) + a"(s), we can give the following theorem. 


Theorem 4.1 Let a(s) be a unit speed curve in A3 with equi-affine curvature k(s) and with intrinsic 
torsion Ta(s), then, a(s) has the position vector in (27) according to intrinsic equi-affine frame for 


some differentiable functions f(s), g(s) and h(s) satisfy the equations 


f" (8) — h(s) Ta(s) = 
f(s) +9'(s) 
h'(s)+ g(s)—h(s)k(s) = 


Assume that the position vector of a(s) always lies in the plane sp{N(s), B(s)} then, position 


vector of the curve a (s) satisfies the equation 
a(s) = g(s) N(s) + h(s) B(s) (28) 


for some differentiable functions g(s) and h(s). Differentiating equation (28) with respect to s, we 
obtain 

O= {-h(s) Ta(s) — g(s) k(s) — 1} T(s) +9! (s) N(s) + {h' (s) +9(s)} B(s). 
It follows that 


h(s)Fa(s) +g(s)k(s) = -1, 
4’ (s) = 0, (29) 
h (8) +9(s) = 0. 


and we get g(s) = co and h(s) = —cos+c,. From the second, the third and the first equation of (29), 
we obtain 
(—cos + 1) Ta(s) + cok(s) = —-1. 


In this case, we can write 
a(s) = coN(s) + (—cos + c1) B(s). 


By considering a” (s) = N(s) and B(s) = k(s)a’(s) + a’”(s) we can give the following theorem. 
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Theorem 4.2 Let a(s) be a unit speed curve in A3 with nonzero equi-affine curvature k(s) and with 


intrinsic torsion Ta(s) satisfying 
(cos — C1) Ta(s) — cok(s) = 1, 


then, a(s) is a curve whose position vector according to intrinsic equt-affine frame always lies in 
sp{ N(s), B(s)} if and only if a(s) is the solution of the equation 


(—cos +1) a” (8) + coe” (8) + (—cos +1) k(s)a"(s) — a(s) =0. 


In the case of k(s) = 0, from the first and the second equation of (29), we obtained g(s) = co, 
h(s) = FG and Ta(s) 4 0. From the third equation of (29), we get Ta(s) = —+ Thus, from (28), 


cos—cy" 


the position vector of a (s) satisfies the following differential equation 
a’"(s) — coTa(s)a" (s) + Ta(s)a(s) = 0. 


In the case of k(s) nonzero constant, from the second and the third equation of (29), we obtained 
g(s) = co, h(s) = —cos +c1. From the first equation of (29), we get Ta(s) = +t%£. From (28), the 


cos—cy" 
position vector of a (s) satisfies the following differential equation 


(—cos +1) a” (8) + co” (s) + (—cos + 1) ka’ (s) — a(s) = 0. 


In the case of T.(s) = 0, from the second and the third equation of (29), we obtained g(s) = co, 
h(s) = —cos +c. From the first equation of (29), we obtained k(s) = eae From (28), the position 


vector of a(s) satisfies the following differential equation 
(—cos +1) a"”"(8) + coa"” (s) + (—cos + €1) k(s)a’(s) — a(s) = 0. 


In the case of T.(s) nonzero constant, from the second and the third equation of (29) g(s) = co, 


h(s) = —cos + ci and from the first equation of (29), we obtain k(s) = eee From (28), the 


position vector of a (s) satisfies the following differential equation 
(—cos +1) a” (8) + coe” (8) + (—cos + c1) k(s)a’(s) — a(s) = 0. 


In the case of T.(s) and k(s) nonzero constants, from the second and the third equation of (29), 


we obtained g(s) = co, h(s) = —cos+ci and from the first equation of (29), we obtained T. = oe 


By using (28), the position vector of a(s) satisfies the following differential equation, 
(—cos +1) a” (8) + co” (8) + (—cos + 1) ka’ (s) — a(s) = 0. 


Hence, we get the following theorem. 


Theorem 4.3 Let a(s) be a unit speed curve in A3 with the equi-affine curvature k(s) and with the 


intrinsic affine torsion Ta(s) whose position vector lies in sp{ N(s), B(s)} then, the followings are true. 
(1) If k(s) =0 then position vector of a(s) satisfies the equation 


a" (s) — coTa(s)a” (s) + Ta(s)a(s) = 0 
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for some Ta(s); 


(2) If Ta(s) =0 and k(s) = = Or Ta(s) is nonzero constant and 


Ke (cos — C1)Ta — 1 


Co 
then, position vector of a(s) satisfies the equation 
(—cos + c1) a”"(s) + con” (8) + (—cos + c1) k(s)a’(s) — a(s) = 0; 


(3) If k(s) is nonzero constant and Ta(s) = atk or Ta(s) and k(s) are nonzero constants then, 


position vector of a(s) satisfies the equation 


(—cos + c1) a”"(s) + coe” (8) + (—cos + 1) ka’(s) — a(s) = 0. 


We assume that the position vector of a always lies in the plane sp{T(s), B(s)}. Position vector 


of the curve a satisfies equation 
a(s) = f(s) T(s) + h(s) B(s) (30) 


for some differentiable functions f(s) and h(s). Differentiating equation (30), with respect to s, we 
obtain 
O= {f' (s) —h(s) ta(s) — 1} T(s) + f (s) N(s) +h’ (s) B(s). 
It follows that 
f'(s)—h(s)Ta(s) = 1, 
f(s) =~; (31) 
h’ (s) = 0 
and we get h(s) = co and Ta(s) = = Thus, we can write 
a(s) = coB(s). 
If T(s) = 0 then, there is no function f (s) that satisfies the first and the second equation of (31). 


By considering a’ (s) = T(s) and B(s) = k(s)a’ +a’, we can give the following theorem. 


Theorem 4.4 Let a(s) be a unit speed curve in A3 with nonzero intrinsic affine torsion, then, a(s) 
is a curve whose position vector according to intrinsic equi-affine frame always lies in sp{T(s), B(s)} 


if and only if a(s) ts the solution of the equation 
cow” (s) + cok(s)a’ (s) — a(s) =0 
for some k(s). 


Now, assume that the position vector of a (s) always lies in the plane sp{T(s), N(s)}. The position 


vector of the curve a (s) satisfies equation 


a(s) = f(s)T(s) + g(s) N(s) (32) 


for some differentiable functions f(s) and g(s). Differentiating equation (32) with respect to s, we 
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obtain 
0= {f' (s)T(s) — g(s) Ka(s) — 1} T(s) + { 9! (s) + f (s)} N(s) + 9 (s) B(s). 
It follows that 


f' (8) T(s) —9(s)Ka(s) = 1, 
g' (s) + f (s) = 0, 
g(s) = 0. 


There is no f (s) and g(s) satisfying equations (33). Thus, we get the following theorem. 
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(33) 


Theorem 4.5 There is no curve in A3 whose position vector always lies in the sp{T(s), N(s)} according 


to intrinsic equi-affine frame. 
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Abstract: In this paper, using identity for differentiable functions we can derive a general 
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§1. Introduction 


A function f : 1 C R— R is said to be convex if the inequality 


f (ta + (1—t)y) Stf(a) + (1 -t) f(y) 


is valid for all x,y € I andt € [0,1]. If this inequality reverses, then the function f is said to be concave 
on interval I 4 0. 

This definition is well known in the literature. It is well known that theory of convex sets and 
convex functions play an important role in mathematics and the other pure and applied sciences. In 
recent years, the concept of convexity has been extended and generalized in various directions using 


novel and innovative techniques. 


Theorem 1.1 Let f:1 CR—R be a conver function defined on the interval I of real numbers and 


a,b€ I witha <b. The following inequality 


(3) < | tee HOST). (1.1) 


2 2 


holds. This double inequality is known in the literature as Hermite-Hadamard integral inequality for 


convex functions. 


The classical Hermite-Hadamard integral inequality provides estimates of the mean value of a 
continuous convex or concave function. See [2-4, 7, 9], for the results of the generalization, improvement 


and extension of the famous integral inequality (1.1). 
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The following inequality is well known in the literature as Simpson’s inequality: 


Let f : [a,b] R be a four times continuously differentiable mapping on (a,b) and | {>| = 


sup | ui (4) (x < oo. Then the following inequality holds: 
«€(a,b) 


: ee +2f (=) - of ieee < 55 |P||_ @- 0”. 


In recent years many researchers have studied error estimations for Simpson’s inequality; for 
refinements, counterparts, generalizations and new Simpson’s type inequalities, see [1,10-12]. 

In this paper, in order to provide a unified approach to midpoint inequality, trapezoid inequality 
and Simpson’s inequality for functions whose derivatives in absolute value at certain power are multi- 
plicatively P-functions, we derive a general integral identity for differentiable functions. Finally some 


applications for special means of real numbers are provided. 


Definition 1.2 Let I 49 be an interval inR. The function f : I — [0,00) is said to be multiplicatively 
P-function (or log-P-function), if the inequality 


ff (te+(1—t)y) < fla) fy) 
holds for allx,y € I andt € [0,1]. 


In [8], some inequalities of Hermite-Hadamard type for differentiable multiplicatively P-functions 


were presented as follows. 


Theorem 1.3 Let the function f : I — [1,0o),be a multiplicatively P-function and a,b € I witha < b. 
If f € L{a,b], then the following inequalities hold: 


(2) < 4K [tere re-nae< (soy 


@) 1 (*) < ror | reorae <it@roy. 


In [5], Iscan obtained inequalities for differentiable convex functions using following lemma. 


Lemma 1.4 Let f:1 CR—R be a differentiable mapping on I° such that f' € Lia,b], where a,b € I 
witha <b anda, € [0,1]. Then the following equality holds: 


Aaf(a) + (L= a) f(0)) + (1A) flaa+ (= a)b)— p> | fe)dx (1.2) 
= (b—a) (t — ad) f’ (th+ (1 — ta) dt 4 (t-—1+A(1—a)) f’ (b+ (1 — tha) dt 
0 l-a 


§2. Main Results 


In this section, in order to prove our main theorems, we shall use the identity (1.4). 
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Theorem 2.1 Let f: IC R-R be a differentiable mapping on I° such that f’ € Llia,b], where 
a,b €TI° witha <b anda, € [0,1]. If |f'|* is multiplicatively P-function on [a,b], q > 1, then the 
following inequality holds: 


Maf(a) + (1= a) f)) + (L=A) Flaa+ (A= a)8)— == f fla)de (2.1) 


(b—a) If (@IF Ol let], aA<l-a<1-X(1—-a) 


<4 (b-a)lf' (a) lf) by2+u1] aA<1-A(l-a)<l-a 
O-4)|/'@llf@Olln tu] 1-e¢<ar<1-r(1-a) 
where 
se 0) [ar—& 2). a2 =(@r)*=n, (2.2) 
a (a) Ee ieee cee (2.3) 
ie = eee eee yee yess Cee 


Proof Suppose that gq > 1. From Lemma 1.4, the well known power mean inequality and property 


of multiplicatively P-function of |f’|" on [a, bj, that is 
|f b+ (1—t)a)|* < [FOP | F(a)", t€ [0,1], 


we have 


Maf(a) + (L= a) f(0)) + (1A) flaa+ (= a)d)— > f fod 


<t-0| | jolt ee a-amlaes J p24 AG-aIl7 0 -dnhe 
0 l-a 


< (b—a) (/ ronal (/ bonito anata) 


0 0 


+ (/ itera oat / i Lead alr ee apa 


coors} f |t — ad| dt 4 ji beac oath (2.4) 
0 l-a 


po 
q 


q 


Hence, by simple computation 


yi, aA2l-—a 


l-a 

, avX<l-a 
[ \t-an a-| “ = (2.5) 
ie} 


y= (1-a) jaa 5 J = @nt=n, 
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2 
i a Satan, 
2 
“= 1+ (ro) O41 G—«)[1-AA—o)], 
l-a l-a 
J le-aal|s w+ ta)|"at < jf le-aallror le @|tat 
0 0 
l-a 
= [FOI @" f e-arlat 
0 
: 7) F’(b)|4 A<1- 
_ [ wlP@PPOl, asia os 
nIF(@M FO)", arz1l—a 
1 
[let aa —a)l|y (b+ = Ha)lt at 
l-a 
1 
< f t-14r0-a)l [F/O [F@lat 
l-a 
1 
=| ll @lt f t-1490-a)lat 
l1—-a 
J ulf ("lf (@)l?, 1-AQ-a)<1-a (2.8) 
valf()I"IF (a7, 1-A(L-a) > 1-a . 
Thus, using (2.5)-(2.8) in (2.4), we obtain the inequality (2.1). This completes the proof. 
Corollary 2.2 Let the assumptions of Theorem 2.1 hold. Then for a = 4 and X = z, from the 
inequality (2.1) we get the following Simpson type inequality 
‘ b 
1 a+ 1 5 , , 
= as <—(b- ‘ 
= [na +ay(*S") +6) - [ reoar}< FO-a|/ |||. 9) 


Corollary 2.3 Let the assumptions of Theorem 2.1 hold. Then for a = 4 and \ = 0, from the 


inequality (2.1) we get the following midpoint inequality 


(3°) : a | teae = -—* |r") |’ (b)| (2.10) 


Remark 2.4 We note that the result obtained in Corollary 2.3 coincides with the result in [8]. 
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Corollary 2.5 Let the assumptions of Theorem 2.1 hold. Then for a = 4 and X = 1, from the 


inequality (2.1) we get the following trapezoid inequality 


FLO) 1 f peeyae} < "|r| F'0) 


a 


Remark 2.6 We note that the result obtained in Corollary 2.5 coincides with the result in [8]. 


Using Lemma 1.4 we shall give another result for multiplicatively P-functions as follows. 


Theorem 2.7 Let f : I C R—R be a differentiable mapping on I° such that f’ € Lla,b], where 
a,b € I° witha <b anda, € [0,1]. If |f'|* is multiplicatively P-function on [a,b], q > 1, then the 
following inequality holds: 


Aaf(a) + (L= a) f(0)) + (1A) flaa+ (1=a)b)— > | fe)dr (2.11) 
% Gea d? acer avA<1l-a<1-A(l—-a) 
< (b—a)|f'(a)| |f'()| (4) Gaye or +at6?, arA<1-—A(l1-a)<1l-a 
Gear Bete, l-a<adt<1-A(1-a) 
where 
= ne +(l-a- ony 62 = [A(1- ae +fla—A(1- ae (2.12) 
63 = (ad)P™™ —(L-a—ar)y?™, 04 =[A(1—a)]?™ -— [a-A(L—a)]?™ 
and = +2=1. 


Proof From Lemma 1.4 and by Holder’s integral inequality, we have 


A (af(a) + (1 @) f(b)) + (1—d) flea + (1 a) 6) — [foe 


< (b—a) [ le-aal|y w+ t)a)| at fe 1+A(1—a)||f' (tb+ (1 — t)a)| dt 
0) l-a 


l-a Z l-a q 
< (b—a) [ le-aara [lee a-taylt at 
0 0 


1 Pp 1 q 
+ jlt-1+aa—arat [lee a dayltat 


<(b-a (fal |/| |a-a)* { f je aarrat 
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ch 
Pp 
4aa | |i -1+A(1—a)|? dt (2.13) 
By simple computation 
1-a (ad)P+14(1—a—ad)Ptt We bw 
t—ad|P dt = a . 2.14 
i po (eayPT a tadc trast , arA>l-a ey 
and 
1 +1 +1 
[AG ~a)]P"* +[a-A(l=a@)]? eS A ew 
jt-1+A(1—a)|P dt = Pre a) ( ) (2.15) 


ls alee eT WT 


l-a pt+1 


Thus, using (2.15) in (2.13), we obtain the inequality (2.11). This completes the proof. 


Corollary 2.8 Let the assumptions of Theorem 2.7 hold. Then for a = 
inequality (2.11) we get the following Simpson type inequality 
1+ opti 
3(p +1) 


Corollary 2.9 Let the assumptions of Theorem 2.7 hold. Then for a = 


1 
6 


inequality (2.11) we get the following midpoint inequality 


(252) - gta f som 452 (pa) 


SIF 


1 


2 


=i f 


2 


[f'(b 


and X = z, from the 


a)||f'(b)|. (2.16) 


1 and \ = 0, from the 


)| 


Remark 2.10 Notice that the result obtained in Corollary 2.9 coincides with the result in [8]. 


Corollary 2.11 Let the assumptions of Theorem 2.7 hold. Then for a = 4 and X = 1, from the 


inequality (2.11) we get the following trapezoid inequality 


a b i b-a 7 t ‘ 
FO+i0 Af payad <8 ()" rolls 


). 


Remark 2.12 Notice that the result obtained in Corollary 2.11 coincides with the result in [8]. 


§3. Some Applications for Special Means 


Let us recall the following special means of the two nonnegative numbers a and b with a € [0,1]: 


(1) The weighted arithmetic mean 


Ag = Ag (a,b) = aa+(1l—a)b, a,b > 0. 
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(2) The unweighted arithmetic mean 


(3) The weighted geometric mean 
Ga = Go(a,b) := a%b'~%, a,b > 0. 
(4) The unweighted geometric mean 
G =G(a,b) := Vab, a,b>0. 


(5) The Logarithmic mean 


(6) Then n-Logarithmic mean 


prt 


Sgnti\ se 
aaa) ,n€ Z\{-1,0}, a,b >0, afb. 


inn = Ln (0,8) = ( 


Proposition 3.1 Let a,b€R withO<a<bandneé Zt U{0}. Then, for a, € [0,1] and q > 1, we 
have the following inequality: 


|AAa (a”,b") + (1 — A) AD — LPI 
(b—a)n? (ab)”~! [y2 +2] aA<1—a<1—A(1—a) 
<4 (b—a)n? (ab)""" [po tui] ad<1—-A(1—-a)<1l-a , 
(b—a)n? (ab)”"* [yi tue] 1—-a<ad<1-A(1—-a) 


where V1, Y2, Vi, V2, numbers are defined as in (2.2) — (2.3). 


Proof This assertion immediately follows from Theorem 2.1 in the case of f(a) = 2", x € 
[l,oo), nEZTU{O}. 


Proposition 3.2 Let a,b¢ R withO<a<bandn€Z* U{0}. Then, for a,» € [0,1] and q > 1, we 
have the following inequality: 


INA (a",8") + (1=d) AS ~ Ea] < (b- a) nha? ( J Ng 
a ) a n| = pt+l1 
1 Ai 7 i 
(l—a)? OP +0703}, adxX<l-a<1—-A(1l-a) 
1 i 7 i 
x (l-—a)t OP +azOP}, arx<1-A(l-a)<1l-a , 
1, ake 1 4 
(l-—a)7 62 +0707}, l1-a<ad<1-A(l-a) 
where 01, 02,093,084 numbers are defined as in (2.12). 
Proof This assertion immediately follows from Theorem 2.7 in the case of f(x) = a”, © € 


[l,oo), nEZ*U{O}. 


A Generalization of Some Integral Inequalities for Multiplicatively P-Functions 67 


Proposition 3.3 Let a,b € R with0O <a<_b. Then, for a, € [0,1] and q > 1, we have the following 


inequality: 
as (4a (ee) 00 (ese )) — (| 
(b—a)e*4 [y2 +2] aA<1—a<1-A(1—-a) 
<4 (b—a)e*4[y2+u1] ak<1—A(l—a)<1-a , 
(b—a)e*4[y1 +2] l—-a<ad<1-A(1—-a) 


where V1, Y2, Vi, V2, numbers are defined as in (2.2) — (2.3). 


Proof The assertion follows from Theorem 2.1 in the case of f(x) =e”, x € [0, 00). 


Proposition 3.4 Let a,b € R with0O<a<b. Then, for a,» € [0,1] and q > 1, we have the following 


inequality: ' 
Ax (A. Ge) , Go (c*,e’)) —L (c*,e")| (jaye (4) i 


avA<1l-a<1-A(l-a) 


— 
ar 
Ih 
S 
Q 
Ih 
DS 


aA<1-A(l-—a)<l-a , 


Sar 
aIK 
Dj 

gp Regie sin 
| 
T 
IK 
S 

sph Ase Nulp 


1 
T 
Q 
aie 
Sj 


— 

we 
aie 
DS 


x 
i any mR 
| | | 
Q Q Q 


l-a<ad\<1-A(1-a) 


where 01, 02,093,084 numbers are defined as in (2.12). 


Proof The assertion follows from Theorem 2.7 in the case of f(a) =e”, x € [0, 00). 
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Abstract: In a study of traffic, the labeling problems in graph theory can be used by 


considering the crowd at every junction as the weights of a vertex and expected average 


traffic in each street as the weight of the corresponding edge. If we assume the expected 


traffic at each street as the arithmetic mean of the weight of the end vertices, that causes 
mean labeling of the graph. When we consider a geometric mean instead of arithmetic mean 
in a large population of a city, the rate of growth of traffic in each street will be more 
accurate. The geometric mean labeling of graphs have been defined in which the edge labels 
may be assigned by either flooring function or ceiling function. In this, the readers will 
get some confusion in finding the edge labels which edge is assigned by flooring function 
and which edge is assigned by ceiling function. To avoid this confusion, we establish the 
C-Geometric mean labeling on graphs by considering the edge labels obtained only from the 
ceiling function. A C-Geometric mean labeling of a graph G with q edges, is an injective 
function from the vertex set of G to {1,2,3,--- ,q+1} such that the edge labels obtained 
from the ceiling function of geometric mean of the vertex labels of the end vertices of each 
edge, are all distinct and the set of edge labels is {2,3,4,--- ,qg+1}. A graph is said to be a 
C-Geometric mean graph if it admits a C-Geometric mean labeling. In this paper, we study 
the C-geometric meanness of some cycle related graphs such as cycle, union of a path and a 
cycle, union of two cycles, the graph C3 x Pn, corona of cycle, the graphs P,.», P® and some 


chain graphs. 


Key Words: Labeling, C-Geometric mean labeling, Smarandache 2k-Geometric mean la- 


beling, C-Geometric mean graph. 


AMS(2010): 05C78. 


§1. Introduction 


Throughout this paper, by a graph we mean a finite, undirected and simple graph. Let G(V, E) be a 
graph with p vertices and q edges. For notations and terminology, we follow [4]. For a detailed survey 
on graph labeling we refer to [3]. 

Path on n vertices is denoted by Py. G© Sm is the graph obtained from G by attaching m pendant 
vertices at each vertex of G. Let Gi: and G2 be any two graphs with p; and p2 vertices respectively. 


Then the cartesian product G1 x G2 has pip2 vertices which are {(u, v) : u € Gi,v € G2} and any two 
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vertices (u1,v1) and (u2, v2) are adjacent in G, x G2 if either ui = u2 and v1 and v2 are adjacent in 


G2 or ui and uz are adjacent in Gi and v1 = ve. 


Let u and v be two fixed vertices. We connect u and v by means of b > 2 internally disjoint paths 
of length a > 2 each. The resulting graph embedded in the plane is denoted by P,,». Let a and b be 
integers such that a > 2 and b > 2. Let yi, yo,--- , Ya be the ‘a’ fixed vertices. We connect y; and yi+1 
by means of 6 internally disjoint paths of length (¢ +1) for each i, 1 <i<a-—1. The resulting graph 
embedded in the plane is denoted by P?. 


Barrientos [1] defines a chain graph as one with blocks B,, Bz, B3,--- , Bm such that for every 
i, B; and Bi+1 have a common vertex in such a way that the block cut point graph is a path. The 
chain graph G(p1, ka, p2, ka,--- ,kn-1,Pn) is obtained from n cycles of length pi, p2,p3,--- ,Pn and 
(n — 1) paths on ki, k2, k3,--- , kn—1 vertices respectively by identifying a cycle and a path at a vertex 
alternatively as follows. If the i’” cycle is of odd length, then its (uty) vertex is identified with a 
pendant vertex of the i’” path and if the i*” cycle is of even length, then its (2it2)™™ vertex is identified 
with a pendant vertex of the i‘” path while the other pendant vertex of the i*” path is identified with 
the first vertex of the (i +1)’ cycle. The chain graph G*(p1, p2,--- , Pn) is obtained from n cycles of 
length p1,p2,--- ,~n by identifying consecutive cycles at a vertex as follows. If the i*” cycle is of odd 
length, then its (23) “” vertex is identified with the first vertex of (i+1)" cycle and if the i” cycle is 
of even length, then its (Bit2) vertex is identified with the first vertex of (i+ 1)’ cycle. The graph 
G' (pi, p2,°*+ ; Pn) is obtained from n cycles of length pi, p2,--- , pn by identifying consecutive cycles at 


an edge as follows: 


th 
The (2) edge of j‘” cycle is identified with the first edge of (j+1)'" cycle when j is odd and 
th 
the (24) edge of j‘” cycle is identified with the first edge of (j +1)'" cycle when j is even. 


The study of graceful graphs and graceful labeling methods was first introduced by Rosa [5] and 
many authors are working in graph labeling [2,3]. Motivated by their methods, we introduce a new 
type of labeling called C-Geometric mean labeling. A function f is called a C-Geometric mean labeling 
of a graph G if f : V(G) — {1,2,3,--- ,q +1} is injective and the induced function f* : E(G) - 
{2,3,4,--- ,q+1} defined as 


f* (uv) = | Fw FOo)| , for all uv € E(G) 


is bijective. Furthermore, if 


f* (wv) = | 2 FF FY] , for all uv € E(G) 


is bijective, where k > 1 is an integer, such a function f is called a Smarandache 2k-Geometric mean 
labeling, and C-Geometric mean labeling of a graph G if k = 1. A graph that admits a C-Geometric 


mean labeling is called a C-Geometric mean graph. 


In [6], S.Somasundaram et al. defined the geometric mean labeling as follows: 


A graph G = (V, FE) with p vertices and q edges is said to be a geometric mean graph if it is possible 
to label the vertices x € V with distinct labels f(x) from 1,2,--- ,q+1 in such way that when each edge 
e = uv is labeled with f(uv) = | VIC FO)| or | VIO FO)| then the edge labels are distinct. 

In the above definition, the readers will get some confusion in finding the edge labels which edge 
is assigned by flooring function and which edge is assigned by ceiling function. 


In [6], the authors have given a geometric mean labeling of the graph Cs U C7 as in the Figure 1. 
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3 4 4 11 1! 40 oy 9 
Figure 1 A geometric mean labeling of Cs U C7. 


From the above figure, for the edge uv, they have used flooring function | flu)f @)| and for 


the edge vw, they have used ceiling function |v f(u)f (| for fulfilling their requirement. To avoid 
the confusion of assigning the edge labels in their definition, we just consider the ceiling function 
| flu)f @)| for our discussion. Based on our definition, the C-Geometric mean labeling of the same 


graph Cs U C7 is given in Figure 2. 


5 


Figure 2 A C-Geometric mean labeling of C's U C7 


In this paper, we have discussed the C-Geometric mean labeling of the cycle for n > 4, union of 
any two cycles Cm and Cp, union of the cycle Ci, and a path P,, the graph C3 x P,, corona of cycle, 
the graphs P;,., P® and some chain graphs. 


§2. Main Results 


Theorem 2.1 A graph Cy is a C-Geometric mean graph only ifn > 4. 


Proof The proof is divided into 2 cases following. 
Case 1. n> 4. 


Let v1, v2,-+- ,Un be the vertices of Cy. Define f : V(Cn) > {1, 2,3,--- 2+ 1} as follows: 


2-1, 1<e< 2, 
2% — 2, 38<71</$]/ 41, 
f(vi) = ; L 
n+1, i= (|2| +2, 
Qn+5-2i, |F/+3<i<n 
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Then, the induced edge labeling is obtained as follows: 


2i, 1<i<2, 
21-1, 3<i<|8/4+1, 

f (vivigt) = 4 n+1, i= |4| +2 and nis odd, 
n, i= |3| +2 and n is even, 


2n +4 — 2i, 3<i<|3)/+3<i<n-1 


and f*(unvi) = 3. 
Hence, f is a C-Geometric mean labeling of the cycle C;,. Thus the cycle C;, is a C-Geometric 


mean graph for n > 4. 


Case 2. n=3. 


Let v1, v2 and v3 be the vertices of C3. To get the edge label g+1,q and q+1 should be the vertex 
labels for two of the vertices of C3, say v1 = q = 3 and v2 = q+1= 4. Also to obtain the edge label 2, 
1 is to be a vertex label of a vertex of C3, say v3 = 1. Since the edge labels of the edges v1 v3 and v2v3 


are one and the same. Hence C3 is not a C-Geometric mean graph. 


Theorem 2.2 A union of two cycles Cm and Cn is a C-Geometric mean graph ifm > 3 and n> 3. 
Proof Let u1,u2,-++,Um and v1, v2,:-: ,Un be the vertices of the cycles C,, and C, respectively. 


Case 1. m>4orn>4. 


Define f : V(CmU Cn) — {1,2,3,---,m+n+1} as follows: 


_j 4 1<i<|[VmF2] -2, 
a i+1, [v¥m+2]-1<i<m-1, 
f (tm) =m-+2, 

_ J m-142%, 1<i<[|2| 41, 
ate m+n+4-2, |B) +2<i<n. 


Then, the induced edge labeling is known as follows: 


f* (ui, Um) = [Vm +2 , 


m + 2, 1<i<|3], 
f* (vivigi) = m+nt+l, i= |4| ad: 
m+2n+3— 24, |$|+2<i<n-1 


and f*(vitn) =m+3. 
Hence, f is a C-Geometric mean labeling of the graph C,, U Ch. Thus the graph Cm U Ch is a 


C-Geometric mean graph, for m > 4 orn > 4. 
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Case 2. m=3andn=3. 


A C-Geometric mean labeling of C3 U C3 is shown in Figure 3. 


1 4 
5 6 
2 3 
6 7 
3 5 
4 7 


Figure 3 A C-Geometric mean labeling of C3 U C3. 


This completes the proof. 


Theorem 2.3 A graph Cm U Py is a C-Geometric mean graph ifm > 3 and n> 2. 


Proof Let wi,u2,-+:,Um and v1,v2,°::,Un be the vertices of the cycle Cm and the path P, 
respectively. 


Define f : V(CmU Pr) > {1,2,3,--- ,m-+n} as follows: 


De: 
F(us) = 


1 
n+2m+3-2i, |Bl+2<i 
f(u) =%, for 1 <i<n-—1 and 


f(r) =n+1. 


Then, the induced edge labeling is obtained as follows: 


n—1+2i, 1<i< |], 
f* (witi41) = 4 m+n, i=|2] +1, 
n+2m+2-— 2i, |B) 4+2<i<m-1, 


f* (uitm) =n+2 and 
f (wii) =i+1, forl<i<n-1. 


Hence, f is a C-Geometric mean labeling of the graph C,, U Pn. Thus the graph Cm U Pn is a 


C-Geometric mean graph, for m > 3 and n > 2. 


Theorem 2.4 A graph C3 x Pn is a C-Geometric mean graph if n> 4. 


Proof Let V(C3 x Pr) = {y® vf ) o; 1<i<_n} be the vertex set of C3 x Py, and E(C3 x Pn) = 
{09 vO vo vou 1 <i < “it U {vu VOU D MuGt) 1 <i <n—1} be the edge set of 
C3 x Ph. 
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Define f : V(C3 x Pn) > {1,2,3,--- ,6n — 2} as follows 


Bj-ll, 3<j<4, 
W4+1l, 3<j<4, 


77-6, 3<j<4 


and flv) a fv) +18 for 1 <i<3and5<j <n. Then, the induced edge labeling is obtained 


as follows: 


2, j=1, 

fe (Vv vw) = 54 Q< 5 
1 2 ¥; Js =e) < 3, 
f* (v9 yU-9)) +18, 4<j<n, 


37 +2, 1<j <2, 
bj +1, 3<j<4, 
f*(e PvG) 418, 5 <5 <n, 


6j — 3, Lee, 
8j — 10, eee’ 
fi (vo yG-9) + 18, 5<j<n, 


8j — 4, 1<j<2 
POP ey H% Bor B<j<4, 
fi (VF yF-) + 18, 5<j<n-l, 

. j=l 


57 +3, I< 5 <4, 
fi v-) 418, 5 <j <n-1, 


* j j+1 
POPuy™) = 


Aj +3, 129d: 
57 +4, 3<9<4 
five Pol) 4:18, 5 <j <n. 


* j j+1 
Fw vg) = 


Hence f is a C-Geometric mean labeling of C3 x Pn. Thus the graph C3 x Pp is a C-Geometric 


mean graph, for n > 4. 


Theorem 2.5 A graph Cn © Sm is a C-Geometric mean graph ifn > 3 andm < 2. 


Proof Let u1,u2,-+: ,Un be the vertices of the cycle Cn and let ®, v®, tee my be the vertices 
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of the star graph S,, such that y is the central vertex of Sm, for 1<i<n. 
Case l. m=1. 
Subcase 1.1 | 2(2n + D] is odd and n > 5. 


Define f : V(Cn © S1) > {1,2,3,--+ ,2n +1} as follows: 


24, aries on |. 
f(ui) = 
2% +1, JAP | tisisien, 
2 — 1, i<is | AGT, 
feP)= oa 
2i, jG sicisien, 


Then, the induced edge labeling is obtained as follows: 


2% +1, isis |G) 1, 
f° (uiuigi) = 
2i +2, GD) 41sisisn-1 


25, i<ge< oe ea, 
ft (uv) TOREET 


Subcase 1.2 | 2(2n + D] is even. 

Define f : V(Cn © S2) > {1,2,3,--+ ,2n +1} as follows: 
25, isis |G] 9 
%-1, i= ea =i 


? 


f(ui) = , 
2 +1, AD <isicn, 
| %-1, 1<i< oon a —2, 
iOS a 
i, a d |-1sisisn 


Then, the induced edge labeling is obtained as follows: 


<i< od en 


%4+1, 1 
fF (witigi) = 2(2n-+1) 


2 


Sie 2 
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f*(urun) = | V2@n+0)| 
2i, l<i< a 


and f*(uvl?) = 
4-1, oo <i< 


— 1, 
5) n. 


Hence, the graph C, © Si, for n > 4 admits a C-Geometric mean labeling. 


For n = 3, a C-Geometric mean labeling of C’3 © 5S; is shown in Figure 4. 


5 4 6 7 6 


Figure 4 A C-Geometric mean labeling of C3 © S1. 


Case 2. m=2. 
Subcase 2.1 [V6n] = 0(mod 3). 


Define f : V(Cn © S2) > {1,2,3,--+ ,3n+ 1} as follows: 


3i-1,  1<i< || -1, 
flu) = milo. 
3i — 2, 1<is< |}, 
f(v}?) = Lai Se 

3i—1, Vt) <i <n, 

5 3%, 1<i< || -1, 
f(v3") = - = = 
3i +1, VBR) <i<n. 


Then, the induced edge labeling is obtained as follows: 


' 36 +1, isis |@l-1, 
f (witita) = 

36 + 2, |B] <isn-1, 
f*(unua) = [Ven], 

' ay th isis ||, 

f* (uv?) = 

3i, |B | 41si<n, 

34, i<i<|@]-1, 
f* (uv?) = ; : 

36 +1, =| LHe a 


C-Geometric Mean Labeling of Some Cycle Related Graphs 


Subcase 2.2 [V6n] = 1(mod 3). 


Define f : V(Cn © S2) > {1,2,3,--+ ,38n+ 1} as follows: 


BF 1, 1<i<|@| 
1 


Fu)=) 3i+1, i= |e] +1, 
31, ven +2<i<n, 

Peer 31-2 isis ||, 

) = 

: 364 ¥en] 41 <iK<n, 

6n 
Foe 3i, isis |] +1 
3i +1, MORI 4 2<i<n. 


Then, the induced edge labeling is obtained as follows: 


: 36 +1, isis |@|-1, 
f° (uiti4i) = ; z 
31 + 2, |B] <isn-1, 
f° (unur) = | V6n] , 
i. Vise |= |, 
f* (wiry?) 
a =| +1<i<n, 
3i, Wee ae | =|, 
f*(uivg?) = 
Bi+1,  |MBl+1<ix<n 
Subcase 2.3 [V6n] = 2(mod 3). 
Define f : V(Cn © S2) > {1,2,3,--- ,38n+ 1} as follows: 
31-1, 1<i< ||, 
f(ui) = aml oa 
32, St) +1ls<i<n, 
“ 342 i1<i< |), 
fe) = . a ~ i 
37-1, St} +1lc<i<n, 
; 3% 1<i< |e 
a ? — — 3 ’ 
FOP) = 9 pe ee 
3i+ 1, St} +ici<n 
Then, the induced edge labeling is obtained as follows 
Et Om ce |= | 
*(uiuit1) 
£400: || +1sisn-1, 


* (unt) ha 6n| . 


77 
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. 3p 4, isis |, 
f° (wiv}) = : 
3i, =| 4+1<i<n, 
P 3i, prey< ||. 
f* (uiv§?) = 
Bi+1, [Bl +1<isn 


Hence, the graph C, © S2, for n > 3 admits a C-Geometric mean labeling. Thus the graph C;,©Sm 


is a C-Geometric mean graph, for n > 3 and m < 2. 


Theorem 2.6 A graph G(p1,m1, pa, ma, +++ ,™Mn-1,Pn) is a C-Geometric mean graph if pi # 3. 


Proof Let fo 1 <j<n,1<i<p;} and ful s1 <j<n-—1,1<%< m;} be the n number 
of cycles and (n — 1) number of paths respectively. For 1 < 7 < n—1, the j*” cycle and j‘” path are 
vs, and ul? while p; is even and oes and uf?) while p; is odd and the 7 
A bib ait 


uf 
2 
path and (j + 1)" cycle are identified by a vertex ul and vit), 


identified by a vertex v 


4 n-1 
Define f : V(G(pi, m1, p2,m2,°-* ,Mn-1,;Pn)) > {haa » >> (pj +m;) +pn — nr 4 a} as 
j=l 


follows: 


If pi is odd and p ¥ 3, 


2i— 1, 1<i<2, 
f(u) = 24 — 2, a<ix [Be l'+9, 
2i+5-2, |B) 4+3<i<m 
and if pi is even, 
3, j=1, 
Q)) = ~< | BL 
f (2, 2i, 2<j< |B, 
2n+3-2, |Bl4+1<j<pi-l 


f (of?) =1, f(u) =piti, for2<i<m). For2<j<n, 


j-l1 
% (Pe +m) + 24-3, 2<i< [4] 41, 
j-l 
YS (pe + me) + 21-9 - 1, i= | 42 | + 2 and p; is odd, 
flv) sei k= 
4 j-1 
p» (pe + mx) + 21 — 7 — 38, i= || +2 and p; is even, 
galt ; 
Y (pe + me) + 2p; -2i-j—-5, |Bl+3<i<p,; 
k= 
and for 3<j <n, 
r j-? 
fue?) = (pe + me) + pj-1 $i +2-— 9, for 2<i< mj-1. 
k=1 


Then the induced edge labeling is obtained as follows: 


C-Geometric Mean Labeling of Some Cycle Related Graphs 


If pi is odd and p, ¥ 3, 


21, 1<i<Q, 
Ean Og i )= 2i—1, 3<i< | =| +41, 
ap 44-24, |B) +2<i<pi-1, 
f*( (Wy G)) = 3. 
and if pi is even, 
4, j = 1, 
Fro) = 2 26 41, 2<i< (||, 
2pi+2-2i, |Bl|+1<i<p—2, 
1 
f* (py spy) = 8, 
i; (vo My = 2, 
a Gru )S pitt, 1<t<cm—1 
and for 2<j <n, 
gol 
Zeit eee gee isis |¥], 
j=l . 
()..G) do (Pk + me +2¢-—j +1, i= || +1 and p; is 
* J J k= 
f (v; Vin) = ped 
do (pe + me) + 2pj — 2-5 +4, i= || +1 and p; is 
k= 
j=l . 
P (pe + mx) + 2p; — 2i-j +4, |) +2<i<pj-1, 
j-l 
POPP) = etme) 5 +4 
k=1 
and 
j-2 
Puy Pugs”) = } pj tit3—J, for1<i<mj1—land3 
k=1 


Hence, f is a C-Geometric mean labeling of G(p1, mai, p2,ma--- 


nN 


G(pi, 71, p2,ma2°-- 


Corollary 2.7 A graph G*(p1, p2,--: 


Theorem 2.8 A graph G'(p1,p2,--- 


or all p;’s 1<j <n are even. 


,™Mn—1; Pn) is a C-Geometric mean graph, for pi 4 3. 


,Pn) ts a C-Geometric mean graph if pi # 3. 


Proof Let {ol 1<j<n,1<i<_p;} be the vertices of the n number of cycles. 


Case 1. p; is odd and p; #3 for 


For 1 < 7 < n—1, the j‘” 


peerage on 


while j is odd and v 


l<j<n. 


and (j + 1)" cycles are identified by the edges v 


©) (+1), 
LU Bp and vy "Up, 


7 while 7 is even. 


odd, 


even, 


<j<n. 


(3) (3) 


Pith Ua eS. 
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,Pn) ts a C-Geometric mean graph if all p;’s are odd and p; 4 3 


and 
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Define f : V(G'(p1, p2,-+* ,Pn)) > {12.8 


and for 2<j<n, 


Do pe —- J +2i4+ 2, 


k=1 
j- 
Y Pr + 2pj +3 — j — 24, 
yeas =) 
~ pe-j+2t+, 
k=1 


j- 
So prt 2p; +4—j — 2%, 
k=1 

The induced edge labeling is obtained as follows: 


4, 
POM My Se B41: 


2<i< al and j is even, 


4 


ws 


| +1<i<p;—1 and j even, 


2<i< || +1 and j is odd, 


[42 | +2<i<p;—1 and j odd. 


2 
2pi+2-2 = | 
Pop aegy) = 3, P(ofPey?) =2 


Pi 


and for 2<j<n, 


YS pr- J+ 2+, 


> pe -j + 2i + 2, 


k=1 


j- 
Pe t+ 2p; +3— 75 — 24, 
k=1 


Case 2. p; is even for l<j<n. 


For 1 < j < n—1, the 7 and (j+1) cycles are identified by the edges v 


Define f : V(G' (pi, p2,-+- ,Pn)) > {h2.a > 
j=l 


1l<i< || and 7 is even, 


DY Pet 2pj+2-jf-2i, | 


Dp; 


<i< | 42 | and 7 is odd, 


py —-N+ a} as follows: 


G) 9) 


p;U 
7 


|42| +1<i<p;—1 and j odd. 


> andv 


il 4+1<i<p;—1and j even, 


G+) G4 


54 


+1) 
b1 
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and for 2<j<n, 


jal : 
S- pe —G +2641, 254s |Fel, 
FO) =) Ft | 
pet+2pj+4—j—-2, |B) +1<i<p;-1. 
k=1 
The induced edge labeling is obtained as follows: 
4, ale 


Pere Sa Ia, 2 a 
2p1 + 2 — 21, |B)+1<i<m-2, 
* 1 
Comp ee 
* 1 ak 
fF (oppo) =2 


and for 2<j<n, 
i Pk ~ J+ 2 +2, 1<i<|[¥|, 
f* (vv) = a 


| Pe + py +3 — 5 — 2%, |e) +1<i<pjy-1. 


Hence, f is a C-Geometric mean labeling of G’ (pi, p2,..-, Pn). Thus the graph G’(pi, po,.--,Pn 


is a C-Geometric mean graph, for p; 4 3. 


Theorem 2.9 A graph Pa,» is a C-Geometric mean graph if b <4 anda > 2. 


Proof Let Vv, v®,. - ue) be the vertices of the i” copy of the path of length ‘a’ where 
i = 1,2,--- ,b, y = uand vs” = », for all i. Clearly, |V(Pa,o)| = ab — b+ 2 and |E(Pa,»)| = ab. 
Consider a graph P,,» with a > 2. 


Case l. bD=2. 


Notice that Pa,2 is a cycle of length more than 3. By Theorem 2.1, it admits a C-Geometric mean 


labeling. 
Case 2. b=3. 


Define f : V(Pa,3) > {1,2,3,--- ,3a+ 1} as follows: 


gt, [V3a +1] -1<j<a-l, 


+71-14+2j, for2<i<3, 1<j<a-1l. 


joy as 1<j<[V3er1] -2, 
a 


flv) = 
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Then, the induced edge labeling is obtained as follows: 


f(y vw, j= j+1, 1<j<[V3aFl — 2, 
rae P42, [Y3a+1] -1<j<a-2, 


Ss 
* 
~~ 
< 
S 
an 
= 
Le 
I 


[V3a+ 1}, 


fi (uw) =a+1, 


fi (wv) =38a-2+i, for2<i<3, 
fi (uw) =at+i, for2<i<3, 


POP uy, =at+i+2j, for2<i<3and1<j<a-2. 
Case 3. b=4. 


Consider a graph P,,, with a > 3. Define f : V(Pa,4) — {1, 2,3,--- ,4a+1} as follows: 


f(u) =a+1, 
f(v) =4a+1, 
Fo®,) = J; 1<j<[V4a41| -2, 
a f+, |[fe+T])-1<j<e-1, 
rl @)) a+3j-1, 1<j<a-1 and 7 is odd, 
vs = 
= a+3j7+1, 1<j<a-—1 and 7 is even, 
rl (3)) a+1+3), 1<j<a-1 and 7 is odd, 
vs = 
a+34+3j, 1<j<a—1and jis even 
a+3+3), 1<j<a-—1 and j is odd, 
Foy?) = 
a-—1+3), 1<j<a-—1 and 7 is even. 


Then, the induced edge labeling is obtained as follows: 


j+1, 1<j<[V4a4]| -2, 
j+2, [V4a +1] -1<j<a-2, 


* 1 1 
f E04) = 


P21») = [V4aFT] , 
f*(uep?) =a +1, 
fi (uw) =ati, for2<i<4 
f' (vv) =4a— 344, for 2<i<4 and 
Si fs a+2+4 3), t=2and1<j<a—-2, 
POP) = J eS pes 
a+7—-i1+37 3<i<4and1<j<a-2. 
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For a = 2, a C-Geometric mean labeling of P2,4 is as shown in Figure 5. 


ay 


Figure 5 A C-Geometric mean labeling of P2,4 


Hence, the graph P,,, for b < 4 admits a C-Geometric mean labeling. Thus the graph P,.» for 


b < 4 is a C-Geometric mean graph. 


Theorem 2.10 A graph P® is a C-Geometric mean graph if b < 3. 


Proof Let yi, vij1, ij2,°-* ,izi, yit1 be the vertices of the Pe path of i” block of P?, where 
1<i<a-—1land1<j <b. Obviously, 


V(P2) ={ys31<isa}l (U Uleutsrsa) 


i=1 j=l 


a-1 a—1l b 
E(P;) = U {yitii:l<j< BU (U J {eign riggs; l Sk<i- i) 


i=l i=1 j9=1 


U (U {tiiyirtil<j< ») 


i=1 
Hence, |V(P?)| = @$-® + a and |E(P?)| = Meet?) 
Case 1. bD=2. 


Notice that the graph P? is G* (p1,P2,°*: ; Pn). Applying Corollary 2.9, P? is a C-Geometric mean 
graph for pi 4 3. 


Case 2. b=3. 


Define f : V(P3) > {1,2,3,-° pce ee i} as follows: 


f(y) = 8, 


1—1)\(4+2 
f (yi 2 UG) Mes dan for 2<i<a, 


( 

(a1j1) =j +3, for2<7 <3, 
f (21x) = 4k +5, forl<k< 2, 

( 

( 


XL22k = 5k +5, for 1<k< 2, 
f(wasn) =138—k, for l<k<2 
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and for 3<i<a-—1l, 


3(i—1)(i+2) 
2 


FEMS) sons 49, 523, 
SGN?) 29 +3k —1 1<j<2,2<k<i-—1and kis even, 
SCAU?) + 3k —1, j =3,2<k<i-—1and kis even, 
BENCH) 1 05 43kK—-3, 1< 7 <3,2<k<i-—1and kis odd, 

f(wijn) = § SRE) 4 gp 1, j =1,k =i and k is odd, 
SGD?) 4 Bk + 9G, 2<j<3,k =iand k is odd, 
SEO) + 8k + 74+ 1, 1<j<2,k=iand k is even, 
BGG) 4 3p 1, j =3,k =i and k is even. 


Then, the induced edge labeling is as follows: 


_ 3@-N)G+2) 


*“(yitij1) 5) +j4+1, forl<j<3and2<i<a-—l, 
2: =1, 

“(yi@11) 
he 2, 2 < J = 3, 
3, =1, 

*(a1j1y2) 


f* (w25122;2) 


*(252Y3) 


| : 
fa 
cm 


and for 3<i<a-—1l, 


SCE 4 3k 4Qj7-1, 1<k<i-1, 
and1<j <2, 


f (WighVijk+1) — 3(@-1) (+2) 83k +2 1<k<i-1 
and j = 3, 
SS) 4 G2, 1<j <3 and i is odd, 
and f*(xizyiri)= {4 BOP) 45-1, 1< 7 <2 and iis even, 
Suet) =, j = 3 and 7 is even. 


Hence, f is a C-Geometric mean labeling of P?, for b < 3. Thus the graph P® for b < 3 isa 


C-Geometric mean graph. 


Theorem 2.11 Let G be a graph obtained from a path by identifying any of its edges by an edge of 
a cycle and none of the pendent edges is identified by an edge of a cycle of length 3. Then, G is a 


C-Geometric mean graph. 


Proof Let v1,v2,-++ , Up be the vertices of the path on p vertices. Let m be the number of cycles are 
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placed in a path in order to get G and the edges of the j’” cycle be identified with the edge (vi; ,Vi;4+1) 
of the path having the length n; and ni 4 3 when i; = 1. For 1 < j < m, the vertices of the j*” cycle 


be Vig ls 1<Il< nj; where Vi; ,1 = Vi; and Vi; nj = Viz 41. 


Define f : V(G) > {haa , 5 nj +p- n| as follows: 


j=l 


f(ur) =k, for l<k <i, 


j-l 
f (vi; =ij+ So (m—2) 45-1, for 1<j<m, 
k=l 
f(vij;41) = f(vi;) +nj, for 1< 7 <m, 


be 
f(viz+k) = Swizz) +k -1, for 2<k <ij41-i; -Landl<j<m-tl, 
f(Vim+k) +k —-1, for2<k<p—in 


f (Vim tk+1) = 
and for 1 <j<m, 


f(w,)+1-1, ae f (vi; )f(viz41)| — f(vi;) - 1, 


f (vi; ,1) = 
fo) +h [yf Fo) Fy 4)| - fey) SES ay. 


Then, the induced edge labeling is obtained as follows: 
f* (Urve+1) =k + 1, for 1 < k < ty = 1, 
f° (Viztevi; te41) = Vij tk + 1; for 1 < k < aj41 oa 5 —landl < j < m — 1, 


f* Vim+tkVim+tkt1) = f(Vim+k) +1, for 1 <k<p-im—-1 


and for 1 <j<m, 
sts [y/fO,)Fleyj+)] - Flei,) - 1, 
f(vi;) FE+1, | Flos) F(vsy4) — fi) <t<nj-1, 


f"(vi,%izu1) = [/Plei, )F 4) ,forl<j<m. 


Ff" (vig avig ta) = 


Hence, the graph G admits a C-Geometric mean labeling. Thus the graph G is obtained from a 
path by identifying any of its edges by an edge of a cycle and none of the pendent edges is identified 


by an edge of a cycle of length 3, is a C-Geometric mean graph. 
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Abstract: The Klein 4-group,denoted by V4 is an abelian group of order 4. It has elements 
Va = {0,a,6,c} witha+a=b+b=c+c=0andat+b=c,b+c=a,c+a=b. A graph 
G(V(G), E(G) is said to be neighbourhood Vi—magic if there exists a labeling f : V(G) — 
Va\{0} such that the induced mapping NF : V(G) — V4 defined by NF (v) = Vuen(ry f(u) 
is a constant map. If this constant is p(p 4 0),we say that f is a p—neighbourhood V4—magic 


labeling of G and G a p—neighbourhood V4—magic graph. If this constant is zero, we say 
that f is a O—neighghbourhood V4-magic labeling of G and G a 0—neighbourhood V4—magic 
graph. In this paper, we discuss neighbourhood V4—magic labeling of some shadow graphs. 
Key Words: Klein-4-group, shadow graphs, a-neighbourhood V4-magic graphs, 0- 


neighbourhood V4-magic graphs, Smarandachely Va-magic. 


AMS(2010): 05C78, 05C25. 


§1. Introduction 


Throughout this paper we consider simple, finite, connected and undirected graphs. For standard 
terminology and notation we follow [1] and [2]. For a detailed survey on graph labeling we refer 
[6]. The Va-magic graphs were introduced by S. M. Lee et al. in 2002 [3]. We say that, a graph 
G = (V(G), E(G)), with vertex set V(G) and edge set E(G) is neighbourhood V4-magic if there 
exists a labeling f : V(G) — Vs\{0} such that the induced mapping NF : V(G) — Va defined by 
NF (v) = Vuen f(u) is a constant map. Otherwise, it is said to be Smarandachely Va-magic, i.e., 
(xf@,0 E v(a)}| > 2. If this constant is p, where p is any non zero element in V4,then we say 
that f is a p—neighbourhood V4-magic labeling of G and G is said to be a p—neighbourhood V4-magic 
graph. If this constant is 0,then we say that f is a O—neighbourhood V4-magic labeling of G and G is 
said to be a O—neighbourhood V4-magic graph. We divide the class of neighbourhood V4-magic graphs 


into the following three categories: 


(1) Q. := the class of all a—neighbourhood V1-magic graphs; 
(2) Qo := the class of all O—neighbourhood V1-magic graphs, and 
(3) Qa,o = 04ND. 


The shadow graph Sh(G) of a connected graph G is constructed by taking two copies of G' say 


G, and Go, join each vertex u in G1; to the neighbours of the corresponding vertex v in G2.The Bistar 
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Bynis the graph obtained by joining the central vertex Ki,m and Ki,n by an edge [6]. The wheel graph 
W,, is defined as W, ~ Cn + Ki, where C, for n > 3 is a cycle of length n.The Helm H,, is a graph 
obtained from the wheel graph W,, by attaching a pendant edge at each vertex of the cycle C, [7].The 
Sunflower SF, is obtained from a wheel with the central vertex wo and cycle Ch = wiwew3-::WnW1 
and additional vertices v1, v2, v3,-+-+ ,Un where v; is joined by edges to w; and wi+1 where i + 1 is taken 
over modulo n [8].Jelly fish graphJ(m, n)is obtained from a 4—cycle wiw2w3wawi by joining wi and 
w3 with an edge and appending the central vertex of K1,m to w2 and appending the central vertex 
of Kin to wa [6]. The graph P2OP, is called Ladder, it is denoted by Lm [5].The graph with vertex 
set{ui,vi: 0 <i < n+ l}and edge set {uiwi4i1, uivid. 10 < i < n}Uf{uivu:1 <i < n} is called 
the ladder L,,42.The corona P, © Ky is called the comb graph C'B,.The Book graph By, is the graph 
SnOP2, where S, is the star with n+1 vertices and P2 is the path on 2 vertices [5]. A gear graph Gp is 


obtained from the wheel graph by adding a vertex between every pair of adjacent vertices of the cycle. 
Gr, has 2n + lvertices and 3n edges [9]. This paper investigate neighbourhood Vs4—magic labeling of 
shadow graphs of the above said graphs. 


§2. Main Results 


Theorem 2.1 The graph Sh(Cr) € Qa if and only if n = 0(mod 4). 


Proof Considering the shadow graph Sh(C7,), let {u1, u2, uz,--- ,Un}be the vertex set of first copy 
of C;, and let {v1,v2,v3,--+ ,Un}be the corresponding vertex set of second copy of C;,, in order. Assume 
that n 4 0(mod 4).Then either n = 1(mod 4) or n = 2(mod 4) or n = 3(mod 4). We show that in each 
these cases Sh(Cn) ¢ Qa. 


Case 1. n=1(mod 4) 

In this case n = 4k + 1 for some k € N. Then V(ShA(Cn)) = {ui,ui : 1 < i < 4k + 1}. If possible, 
let SA(Cr) € Qa with a labeling f. Then NF (u2) = a implies that f(u1) + f(v1) + f(us) + f(v3) = a, 
N7 (ua) = a implies that f(us) + f(vs) + f(us) + f(vs) = a. Proceeding like this, Nj (war) =a 
implies that f(war—1) + f(vae—1) + f(warti) + f(vse+1) = a. Now consider f(ui) + f(v1),then either 
f(ur) + f(v1) = 0 or f(ur) + f(vr) = @ or f(ur) + f(vr) = b or f(ur) + f(v1) =e. 

Subcase 1.1 f(ui) + f(vi) =0 


If f(ui) + f(v1) = 0,then f(u3) + f(vs) = a, f(us) + f(vs) = 0, f(u7) + f(v7) = a, which implies 
that f(wargi) + f(var+i) = 0. Now NF (ur) = a implies that f(w2) + f(ve) = a, f(us) + f(vs) = 
0, f(we) + f(v6) = a. Proceeding like this we get f(uax) + f(vax) = 0. Therefore,N (Uargi) = f(ui) + 
f(v1) + f(uae) + f (var) = 0 +0 = 0, a contradiction. 


Subcase 1.2 f(ui)+f(vi) =a 


If f(ui) + f(v1) = a, then proceeding as in Subcase 1.1 we get NF (uar41) = f(u1) + f(v1) 4 


f(uar) + f(vse) = a+ a =0, a contradiction. 


Subcase 1.3 f(u1) + f(v1) =6 


If f(u1)+f(v1) = b,then f(us)+f (v3) =, f(us)+f(us) = 6, f(u7)+f (v7) = ¢, which implies that 
Ff (usnti)+f(varzi) = bd. Now,N} (ui) = agives f(u2)+f(v2) = c, f(ua)t+f(vs) = 0, f(usr) +f (van) = 0. 
Therefore,N} (uar+1) = f(u1) + f(vr) + f(uar) + f (var) = b+ b = 0, which is a contradiction. 


Subcase 1.4 f(u1)+ f(v1) =c 
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If f(u1) + f(v1) = c, then proceeding as in Subcase 1.3 we get NF (uart1) = f(u1) + f(v1) 4 
f (war) + f(vse) = e+ c= 0, a contradiction. 


Thus if n = 1(mod 4), we have Sh(Cn) ¢ Qa. 


Case 2. n= 2(mod 4) 


In this case n = 4k + 2 for some k € N. Then V(SA(C,)) = {ui,ui : 1 < i < 4k 4 2}. If 
possible let Sh(Cn) € Qa with a labeling f. Considering f(ui) + f(v1), then either f(ui) + f(v1) =0 
or f(u1) + f(v1) =a or f(ur) + for) = 6 or f(ur) + f(v1) =e. 


Subcase 2.1 f(u1) + f(vi1) =0 


If f(u1) + f(v1) = 0,then NF (uz) = =a, f(u3) + f(v3) = a, f(us) + f(vs) = 0, which implies that 
f(wak+1) + f(van+1) = 0. Therefore, Nf (uar+2) = f(ur) + for) + f(uarti) + f(vae+1) =0+0=0, a 
contradiction. 


Subcase 2.2 f(ui)+f(v1) =a 


If f(ui) + f(v1) = a, then proceeding as in Subcase 2.1 we get NF (uar+2) = f(u1) + f(v1) 4 
f (Uan41) + f(var41) = a+ a =0, which is a contradiction. 


Subcase 2.3 f(u1) + f(v1) =6 
If f(ur) + f(v1) = b,then Nj (uz) = a implies that f(us) + f(v3) = c, f(us) + f(vs) = 6, implies 


that f(uan41) +f (vari) = b. Therefore, NF (wart2) = f(ur) +f (v1) + f (arti) + f(vargi) = b+b = 0, 
which is a contradiction. 


Subcase 2.4 f(u1)+f(v1) =c 


If f(u1) + f(v1) = c, then proceeding as in Subcase 2.3 we get NF (uar+2) = f(ui) + f(v1) 4 
f(Uan41) + f(var41) = c+ c¢ = 0, a contradiction. 


Thus if n = 2(mod 4), Sh(Cn) ¢ Qa. 


Case 3. n= 3(mod 4) 


In this case n = 4&4 +3 for some k € N. Then V(SA(C,)) = {ui,ui : 1 < 4 < 4k + 3}. If 
possible let Sh(Cn) € Qa with a labeling f. Considering f(ui) + f(v1), then either f(u1) + f(v1) =0 
or f(u1) + f(v1) =a or f(u1) + f(v1) = 6 or f(ur) + flv) =e. 

Subcase 3.1 f(u1) + f(vi1) =0 

If f(u1) + f(v1) = 0, then NF (us) = a gives f(us) + flvs) = a, f(us) + fos) = 0, f(uany) + 
f(var+i) = 0, f(Uan+s)+f(v4r43) = a. Now, NF (ui) = aimplies that f(u2)+f(v2) = 0, f(ws)+f(va) = 


( 
a, f(uan+2) + f(vsr+2) = 0. Therefore N# (wares) = = f(ur) + f(r) + f(uarte) + f(vser2) =0+0=0, 
which is a contradiction. 


Subcase 3.2 f(u1)+f(v1) =a 


If f(ui) + f(v1) = a, then proceeding as in Subcase 3.1 we get NF (warts) = f(u1) + f(v1) 4 


f(Usr+2) + f(vsr+2) = a+a = 0, a contradiction. 
Subcase 3.3 f(u1) + f(v1) =6 


If f(u1)+f(v1) = b, then NF (uz) = = a implies that f(us)+f(v3) =c, f(us) + f(us) = b, f(uan41) + 
f(var41) = 6, f(Wan+s) +f (Vae+s) = c. Now, Nf (u1) = a implies that f(u2)+f(v2) = ) 
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c, f(Uak+2) + f(vse+2) = b. Therefore, Nf (uak+3) = f(ur) + f(r) + f(uan+2) + f(vaet2) = b+6=0, 
which is a contradiction. 


Subcase 3.4 f(u1)+ f(v1) =c 


If f(u1) + f(v1) = c, then proceeding as in Subcase 3.3 we get NF (warts) = f(ui) + f(r) 4 
f(war+2) + f(varte) = ce+c=0, a contradiction. 

Thus if n = 3(mod 4), we also have Sh(C;,) ¢ Qa. Therefore, n # 0(mod 4) implies that Sh(Cn) ¢ 
Qa. 

Conversely if n = 0(mod 4), We define f : V(Sh(Cn)) — Va\{0} as: 


f(us) = ie and f(v)=a for l<i<n. 


Then, f is an a—neighbourhood Vs4—magic labeling for Sh(C;,). This completes the proof of the theorem. 


Theorem 2.2 ShA(Cn) € Qo for all_n > 3. 


Proof The degree of each vertex in Sh(C7, )is 4. By labeling all the vertices by a, we get Ny} (u) =0 
for all u € V(SA(Ch)). 


Corollary 2.3 Sh(Cn) € Qa,o if and only if n = 0(mod 4). 


Proof The proof is obviously follows from Theorems 2.1 and 2.2. 


Theorem 2.4 The graph Sh(Pn) € Qo for alln > 2. 


Proof If we label all the vertices by a,we get G € Qo. 


Theorem 2.5 Sh(Pn) € Qa for n = 0, 2,3(mod 4). 


Proof Let G be the shadow graph Sh(P,), and let {uj : 1 <i < n}and{v; : 1 <i <n} be the 
vertex sets of first and second copy of P, respectively. 
Case 1. n=0(mod 4) 

Define f : V(G) — Va\{0} as: 


a if ¢=0,1(mod 4), 
b if «=2,3(mod 4), 


a if i=0,1(mod 4), 
c if ¢=2,3(mod 4). 
Case 2. n= 2(mod 4) 


Define f : V(G) — Va\{0} as: 


a if ¢=0,3(mod 4), 


f(ui) = fet 
if «= 1,2(mod 4), 
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a if i=0,3(mod 4), 
c if 4=1,2(mod 4). 
Case 3. n= 3(mod 4) 


Define f : V(G) — Va\{0} as: 


b if *=1,2(mod 4), 
a if «=0,3(mod 4), 


c if 4=1,2(mod 4), 
a if i=0,3(mod 4). 


In all the above cases, we have NF (ui) = NF (vi) =a for 1 <i<n. Therefore, Sh(Pr) € Qa for 
n = 0,2, 3(mod 4). 


Theorem 2.6 Sh(Pn) € Qa for n = 1(mod 4). 


Proof Consider the shadow graph Sh(P,) with n = 1(mod 4). Let {u;: 1 <i < 4k +41} 
and{v; : 1 < i < 4k +1} be the vertex sets of first and second copy of Pn respectively. Assume 
that Sh(Pn) € Qa with a labeling f. Since NF (ur) = a, we have either f(u2) = b and f(ve) = c 
or f(u2) = cand f(v2) = b. Without loss of generality assume that f(u2) = b and f(v2) = c. Then 
f(uar) = f(vae) implies that NF (uar4+1) = 0, a contradiction. Therefore, Sh(Pn) ¢ Qa. 


Corollary 2.7 Sh(Pn) € Qa,o for n = 0,2, 3(mod 4). 


Proof The proof directly follows from theorems 2.4 and 2.5. 


Theorem 2.8 Sh(Kin) € Qa for alln EN. 


Proof Let V = {ui,vi : 0 <4 < n} be the vertex set of Sh(K1n) where {uj : 0 <i < nm} and 
{u; : 0 <i < nm} are the vertex sets of first and second copy of Ki,n with apex uo, vo respectively. 
Define f : V — Va\{0} as: 


b if «=0,1, 

F(us) = ; 
a if 1=2,8, ,n, 
c if 7=0,1, 

f(vi) = 


a if 7=2,3,---,n. 


Then, NF (ui) = N} (vi) =a for all 0 <i <n. This completes the proof. 


Theorem 2.9 Sh(Ki.n) € Qo for alln EN. 


Proof If we label all the vertices by a,we get Sh(Kin) € Qo. 


Corollary 2.10 Sh(Kin) € Qa, for alln EN. 


Proof The proof obviously follows from Theorems 2.8 and 2.9. 


Theorem 2.11 Sh(Bmjn) € Qo for allm and n. 
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Proof Labeling all the vertices by a, we get Sh(Bmjn) € Qo for all m and n. 


Theorem 2.12 Sh(Bmn) € Qa for allm>1 andn> 1. 


Proof Let Vi = {u, v, ui, U2,-+* Um, V1, V2, U3," , Un} be the vertex set of first copy of Bm,n and 
Vo = {u’,u', Uy, Ud,°+* , Um, V1, V9, V3,°°* , Un} be the corresponding vertex set of second copy of Bm,n; 
where u,v; are pendant vertices adjacent to u,v respectively. Then V(Sh(Bmjn)) = Vi U V2. 

Define f : V(Sh(Bm,n)) — Va\{0} as: 


f(u) = fv) = 6; 
fw) =fw)ac 
f(ui) = f(ui) =a for 1 <i<m; 


f(vi) = f(vj)) =a for 1 <i<n. 


Then, f is an a—neighbourhod labeling of Sh(Bm,n). This completes the proof. 


Corollary 2.13 ShA(Bmn) € Qa for allm>1 andn> 1. 


Proof The proof follows from Theorems 2.11 and 2.12. 


Theorem 2.14 Sh(W,) € Qo for all n > 3. 


Proof The degree of a vertex in Sh(W,,) is either 6 or 2n. If we label all the vertices by a, we get 
NF (u) = 0 for all ue V(Sh(W,)). 


Theorem 2.15 Sh(Wn) € Qa for all n = 1(mod 2). 


Proof Let Vi = {uo, ui, U2,-+: ,Un} be the vertex set of first copy of Wn with central vertex uo 
and let V2 = {vo,v1,v2,:-+ ,Un} be the corresponding vertex set of second copy of W,with central 
vertex vp. Then, V = V(SA(W,)) = Vi U Vo. Define f : V — Va\{0} as: 


f(w)=b if i=0,1,2,3,---,n, 


f(vi)=c if i=0,1,2,3,---,n. 


Then, Nj (ui) = N} (vi) =a for alli =0,1,2,--- ,n. 


Corollary 2.16 Sh(W,) € Qa,o for all n = 1(mod 2). 


Proof The proof directly follows from Theorems 2.14 and 2.15. 


Theorem 2.17 Sh(Wn) € Qe for all n = 2(mod 4). 


Proof Let Vi = {uo,u1,uU2,---: ,tUn} be the vertex set of first copy of Wn with central vertex 
uo and let V2 = {vo,U1,v2,°-: ,Un} be the vertex set of second copy with central vertex vo.Then 
V(Sh(W,)) = Vi UV2. Define f : V(Sh(Wn)) > Va\{O} as: 


a if +=1,3(mod 4), 
c if i=0,2(mod 4), 


f(ui) = 
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a if +=1,3(mod 4), 


f(vi) = aoe 
b if ¢=0,2(mod 4). 


Clearly, Nj (us) = Nj (vi) =a for alli =0,1,2,...,n. Hence Sh(Wn) € Qa. 


Corollary 2.18 Sh(W,) € Qa,o for all n = 2(mod 4). 


Proof The proof directly follows from Theorems 2.14 and 2.17. 


Theorem 2.19 Sh(Hn) € Qo for all n > 3. 


Proof In Sh(Hy), degree of vertices are either 2 or 8 or 2n. If we label all the vertices by a, we 
get NF (u) = 0 for all uc V(Sh(A,)). 


Theorem 2.20 Sh(Hn) admits a—neighbourhood V4—magic labeling for all n = 1(mod 2). 


Proof Consider the shadow graph Sh(Hn). Let v be central vertex,v1, v2, v3,:-: ,Un be the rim 
vertices and wi, U2, U3,°** ,Un be the pendant vertices adjacent to v1, v2, U3,°+: ,Un in the first copy of 
Hy, and let v’, vu}, v%,V3,°°° , Un, Ut, Us, US,--» , us, be the corresponding vertices in the second copy of 


H,,. Then V(Sh(Ap)) = {v, 0", vi, Uj, Ui, Uy 2 1 <i <n}. We define f : V(Sh(Hn)) + Va\{O} as: 


f(v) =a and f(vu)=f(u)=b for *+=1,2,3,...,n, 
f(')=a and f(vj)=f(uj)=c for i=1,2,3,...,n. 


Obviously, f is an a—neighbourhood V4—magic labeling of Sh(H,,). 


Corollary 2.21 Sh(Hn) € Qa,o for all n = 1(mod 2). 


Proof The proof directly follows from Theorems 2.19 and 2.20. 


Theorem 2.22 Sh(SF,,) admits a—neighbourhood Va—magic labeling for all n = 2(mod 4). 


Proof Considering Sh(SF;,), let the vertex set of first copy of SF, be Vi = {w,wi,vi: 1 <i <n} 
where w is the central vertex, w1,w2,W3,:+: ,Wn are vertices of the cycle and vu; is the vertex joined 
by edges to w; and wi+1 where i+ 1 is taken over modulo n. Let V2 = {w’,wi,vj:1<i< n} be the 
corresponding vertex set of second copy of SF,. Then V(Sh(SFn)) = ViUV2. Define f : V(Sh(SFn)) > 
Va\{0} as: 


b if 4=1(mod 2), 
c if «4=0(mod 2), 
f(w) = f(w’) = f(w)) = f(v}) =a for i= 1,2,3,--- ,n. 
Then f is an a—neighbourhood Vs—magic labeling of Sh(SF,). 


Theorem 2.23 Sh(SF;,) admits 0—neighbourhood Vs—magic labeling for all n. 


Proof If we label all the vertices by a, we get Nj (u) = 0 for all u€ V(SA(SF;,)). 
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Theorem 2.24 Sh(SFp) € Qa,o for all n = 2(mod 4). 


Proof The proof is obviously follows from Theorems 2.22 and 2.23. 


Theorem 2.25 Sh(Cn © K2) € Qa for all n = 0(mod 4). 


Proof Let G bet the shadow graph Sh(Cn © Ke). Let Vi = {ui, vi, wi: 1 < i < n} be the vertex 
set of first copy of Cn © K2, where u/s are vertices of C, and vj, w, are the vertices on j’” copy of Ko 
and let Vo = {ui,v;,w, : 1 <i <n} be the corresponding vertex set of second copy of C, © K2. Then 
V(G) = Vi UV». Define f : V(G) — Va\{0} as: 


b if 4=1,2(mod 4), 


f(ui) = a 
c if «=0,3(mod 4), 
c if *=1,2(mod 4), 
f(vi) = vee 
b if «=0,3(mod 4), 
c if *+=1,2(mod 4), 
f(wi) = 


b if ¢=0,3(mod 4), 


f (ui) f (vi) f (wi) a for i 1,2,3,--- yn. 
Then f is an a—neighbourhood V4—magic labeling of Sh(Cyn © Ko). 


Theorem 2.26 Sh(Cn © Kz) € Qo for all n. 


Proof By labeling all the vertices of Sh(Cy © K2) by a,we get NF (u) = 0. 


Corollary 2.27 Sh(Cn © K2) € Qa,o for all n = 0(mod 4). 


Proof The proof follows from Theorems 2.25 and 2.26. 


Theorem 2.28 Sh(Cn © Km) € Qa for allm and n > 3. 


Proof Let G be the shadow graph Sh(C, © Km). Let wi, uU2,U3,°-: ,Un be the rim vertices of 


first copy of Ch © Km and {ui1, Wi2, Wi3,°+* , Wim} be the set of pendant vertices adjacent to u; for 
1<i<ninC, © Km and let u},ub,u3,---,u), be the rim vertices of second copy of Cn © Km and 
{ui,, Ui2, Wi3,°** ;Usm} be the set of pendant vertices adjacent to ui, for 1 <i <n in second copy of 


Cn © Km. Here we consider two cases. 
Case 1. m=1 
Define f : V(G) — Va\{0} as: 
f(ui) = f(uia)=b for i=1,2,3,---,n. 
f(ui) = fluja) =e for i=1,2,3,---,n. 
Case 2. m>2 


Define f : V(G) — Va\{0} as: 


f(w) =b for *+=1,2,3,---,n. 
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f(u;)=ec for i=1,2,3,---,n. 


f(ujj) =a for 4=1,2,3,--- n. 


Bae Boa, 
f(uij)=4e if j =2, 
(eee Uy > 


Obviously, f is an a—neighbourhood Vi—magic labeling of Sh(Cn © Km). 


Theorem 2.29 Sh(Cn © Km) € Qo for allm and n> 3. 


Proof Labeling all the vertices by a,we get Sh(Cn © Km) € Qo. 


Corollary 2.30 Sh(Cn © Km) E Qa for allm and n> 3. 


Proof The proof directly follows from Theorems 2.28 and 2.29. 


Theorem 2.31 Sh(J(m,n)) € Qo for allm and n. 


Proof Labeling all the vertices by a, we get Sh(J(m,n)) € Qo. 


Theorem 2.32 Sh(J(m,n)) € Qa for all m and n. 


Proof Let G be the graph Sh(J(m,n)). Let Vi = {wi,uj,ur : 1 <i<4,1<j<m1l<k<n} 
and Ey = {wiwe, wows, w3wa4, waw1, wiws} U {weuj 21 <j < m}U {wav; : 1 < 7 < n} be the vertex 
and edge set of first copy of J(m,n) and let V2 = {wi}, uj,up:1<i<4,1<j7<m,1<k <n} be the 
corresponding vertex set of second copy of J(m,n). Then V(G) = Vi U V2. Define f : V(G) — Va\{O} 
as: 


f(wi)=b for +=1,2,3,4; 
f(wi)=c for i=1,2,3,4; 


b if t=1, ; ce df -t=.1; 
f(ui) = ic f(ui) = 4g. & 

a if i>2, a if i> 2, 

b if t=1, ;j ce if i=1, 
f(v) = ie f(vi) = sah 

a if i>2, a if 1>2. 


Then, f is an a—neighbourhood V4—magic labeling of Sh(J(m,n)). 


Corollary 2.33 Sh(J(m,n)) € Qa,o for all m and n. 


Proof The proof directly follows from Theorems 2.31 and 2.32. 


Theorem 2.34 Sh(Ln) € Qo for all n. 


Proof By labeling all the vertices by a,we get Sh(Ln) € Qo for all n. 


Theorem 2.35 Sh(Ln) € Qa for all n = 2(mod 3). 
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Proof Consider Sh(Ln) with n = 2(mod 3). Let Vi = {ui, vi : 1 <4 < n} be the vertex set of first 
copy of L,, with edge set Ey = {ujuigi, vivigi, ujvj : 1 <i<n—-1,1 <j <n}. Also let Vo = {uj, vj: 
1<i<_n} be the corresponding set of vertices in second copy of Ln. Then V = V(Sh(Ln)) = Vi UV2. 
Define f : V — Va\{0} as: 

b if i=1,2(mod 6), 


c if i=1,2(mod 6), 
f(vi)=¢b if i= 4,5(mod 6), 
a if i=0,3(mod 6), 


f(uj)=a for i=1,2,3,---,n, 
f(vuj) =a for i=1,2,3,---,n. 


Then, f is an a-neighbourhood Via—magic labeling of Sh(Ln). 


Corollary 2.36 Sh(Ln) € Qa,0 for all n = 2(mod 3). 


Proof The proof directly follows from Theorems 2.34 and 2.35. 


Theorem 2.37 Sh(Ln+2) € Qo for alln EN. 


Proof By labeling all the vertices by a,we get Sh(Ln+42) € Qo for all n. 


Theorem 2.38 Sh(Ln+2) € Qa for alln EN. 


Proof Let G be the shadow graph Sh(Ln+2). Let Vi = {ui,ui : O< i < n+1} and Ey = 
{uitigi, viviga 20 <i < npU{uv :1<i <n} be the vertex and edge set of first copy of In+2 and 
let Vo = {uj,v; :0 <i <n+1} be the corresponding set of vertices in second copy of Ln+2. Define 
f : V(Sh(Ln+2))  Va\{0} as: 


f(u) =f(u)=b for i=0,1,2,3,---,n+1, 


flu) =f(vj)=c for i=0,1,2,3,---,n4]1, 


Then, NF (u) = a for all vertices u in Sh(Ln+2). 


Corollary 2.39 Sh(Ln+2) € Qa,o for alln EN. 


Proof The proof directly follows from Theorems 2.37 and 2.38. 


Theorem 2.40 Sh(CB,) € Qa for alln > 1. 


Proof Let {ui,vi : 1 < i < n} be the vertex set of first copy of CB, where v; (1 <i <n) are 
the pendant vertices adjacent to ui (1 <i <n). Let {uj, vj : 1 <i <n} be the corresponding set of 


96 Vineesh K.P. and Anil Kumar V. 


vertices in second copy of CB,. Define f : V(SA(CB,)) > Va\{0} as 


fw) = b if l<i<n; 
fu) = c¢ if 1l<i<n; 
tl a if i=lorn, 
Ui = 
b if Ll<i<n, 
Plo’ a if «=1lorn, 
vi) = 


c if l<i<n. 


Then f is an a—neighbourhood V4—magic labeling of CBn. 


Theorem 2.41 ShA(CBn) € Qo for alln EN. 


Proof By labeling all the vertices by a,we get Sh(CBn) € Qo. 


Corollary 2.42 Sh(CB,) € Qa,o for alln > 1. 


Proof The proof directly follows from Theorems 2.40 and 2.41. 


Theorem 2.43 Sh(Kmjn) € Qa for allm>1 andn> 1. 


Proof Let G' be the shadow graph Sh(Km,n). Let X = {ui,u2,u3,-++ ,Um} and Y = {v1, v2, v3,--- , Un} 
be the bipartition of the first copy of Kmjn and let X’ = {u4,ug,u3,-..,Um}and Y’ = {vj}, vs, V3,-.., un} 
be the corresponding bipartition second copy of Km,n. Define f : V(G) — Va\{0} as: 


b if i=1, b if g=1, 
fw)=e if i=2, fu)= ye if j=2, 
a if i>2, a if j>2, 


f(uj) =a@ for l1<i< mand f(v;) =a forl<j<n. 


Then f is an a—neighbourhood Vi—magic labeling of Sh(Km,n). This completes the proof of the 


theorem. 


Theorem 2.44 Sh(Kmn) € Qo for allm,n EN. 


Proof Labeling all the vertices by a, we get Sh(Kmjn) € Qo. 


Corollary 2.45 Sh(Kmjn) € Qa, for allm>1andn> 1. 


Proof The proof directly follows from Theorems 2.43 and 2.44. 


Theorem 2.46 Sh(Bn) € Qa for all n = 1(mod 2). 


Proof Let G be the shadow graph Sh(B,,). Let vertex set of first copy of B, be Vi = {(u, vj), (us, vy) : 


1<i<n,1 <j < 2}, where {u, ui, ue, us,--: ,un} and {v1, v2} be the vertex sets of S, and P»2 re- 
spectively, and u be the central vertex, ujs are pendant vertices in S;. Also let V2 = {(u’, vj), (ui, vj) : 


1<i<n,1 <j < 2} be the corresponding vertex set of second copy of Bn. Then V(G) = Vi U V2. 
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Define f : V(G) — V4\{0} as: 


b if j=l, b if g=landl<i<n, 
f(u,v;) = . ; and f (ui, vj) = : ‘ : 
Cc ik: 92, ec if g=2and1<i<n, 


f(u', vj) =a for j = 1,2 and f(uj,vj) =a for 1<i<n, 1<j <2. 


Clearly, f is an a—neighbourhood Vs—magic labeling of Sh(Bn). 


Theorem 2.47 Sh(Bn) € Qo for alln EN. 


Proof By labeling all the vertices by a, we get Sh(Bn) € Qo. 


Corollary 2.48 Sh(Br) € Qa,0 for all n = 1(mod 2). 


Proof The proof follows from Theorems 2.46 and 2.47. 


Theorem 2.49 Sh(G,) € Qo for all n. 


Proof The degree of vertices in Sh(B,) is either 4 or 6 or 2n. If we label all the vertices by a, we 
get NF (u) = 0 for all u€ V(SA(Gn)). 


Theorem 2.50 Sh(Gr) € Qa for all n = 2(mod 4). 


Proof Let G be the shadow graph Sh(G,,). Let Vi = {u,ui : 1 < i < 2n} and Ey = {uuai-1 : 
1L<i<n}u {uiwigi 21 <i < 2n—1}U {u2enur} be the vertex and edge set of first copy of Gn. Let 
Vo = {u’,u,: 1 <i < 2n} be the corresponding vertex set of second copy of G,,.Then V(G) = Vi UVa. 
Define f : V(G) — V4\{0} as: 


Then f is an a—neighbourhood Vs—magic labeling for Sh(Gn). 


Corollary 2.51 Sh(G,) € Qa,0 for all n = 2(mod 4). 


Proof The proof directly follows from Theorems 2.49 and 2.50. 
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Abstract: A set S C V(G) of vertices in a graph G is called a packing of G if the closed 
neighborhood of the vertices of S are pairwise disjoint in G. A subset S of V(G) is called 
an open packing of G if the open neighborhood of the vertices of S are pairwise disjoint in 


G. We have investigated exact value of these parameters for triangular snakes. 
Key Words: Neighborhood, packing, Smarandache k-packing, open packing. 
AMS(2010): 05C70. 


§1. Introduction 


We begin with the finite, connected and undirected graph G = (V(G), E(G)) without multiple edges 
and loops. For a vertex v € V(G), the open neighborhood N(v) of v is defined as N(v) = {u € 
V(G)/uv € E(G)} and the closed neighborhood N[v] = {v} UN(wv). We denote the degree of a vertex 
v € V(G) in a graph G by dg(v). The minimum degree among the vertices of G is denoted by 6(G) 
and the maximum degree among the vertices of G is denoted by A(G). For any real number n, |7n| 
denotes the greatest integer not greater than that n and [n] denotes the smallest integer not less than 
that n. For the various graph theoretic notations and terminology, we follows West [8] and Haynes et 
al. [3]. 


Definition 1.1 The triangular snake T,, is obtained from the path Pp by replacing every edge of a path 
by a triangle C3. 


Definition 1.2 An alternate triangular snake AT, is obtained from a path P,, with vertices u1,U2,--+ ,Un 
by joining ui and ui+1 (alternately) to a new vertex vi. That is every alternate edge of a path is replaced 
by C3 


Definition 1.3 The double triangular snake D(T,) is obtained from a path P,, with vertices v1,V2,++* ,Un 
by joining vi and vi+1 to a new vertex wi for i = 1,2,---,n—1 and to a new verter ui fori = 
1,2,---,n—1. 


Definition 1.4 A double alternate triangular snake D(AT;,) consists of two alternate triangular snakes 


which have a common path. 
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A packing of a graph G is a set of vertices whose closed neighborhoods are pairwise disjoint. 
Generally, a Smarandache k-packing of a graph G is a set of vertices whose closed neighborhoods 
intersect just in k vertices, and disjoint if k = 0. Equivalently, a packing of a graph G is a set of 
vertices whose elements are pairwise at distance at least 3 apart in G. The maximum cardinality of a 
packing set of G is called the packing number and it is denoted by p(G). This concept was introduced 
by Biggs [1]. 

A subset S of V(G) is an open packing of G if the open neighborhoods of the vertices of S are 
pairwise disjoint in G. The maximum cardinality of an open packing set is called the open packing 
number and is denoted by p°. This concept was introduced by Henning and Slater [5]. A brief account 
of on open packing and its related concepts can be found in [2,4,6,7]. In the present paper, we obtain 


the packing and open packing number of various snakes. 


§2. Main Results 


Theorem 2.1 For n > 3, p(G) = [= 


=|; where G is triangular snake T, and double triangular snake 
D(Th). 


Proof The triangular snake T;, is obtained from a path P,, with vertices v1, v2,--- ,Un by joining 
v; and vi+1 to a new vertex w; for 7 = 1,2,3,--- ,2— 1 while to construct double triangular snake 
D(T,) from a path P, with vertices v1, v2,--:,Un by joining vu; and vi+1 to a new vertex w; for 
i= 1,2,3,---,n—1 and to a new vertex u; fori = 1,2,---,n—1. 

If S is any packing set of G then it is obvious that v; must in S as dg(v1) = 2 = 6(G). 


We construct a set S of vertices as follows: 
5 = {vsi41/0 <i< [2] -1} 


Then |S| = |=]. Moreover S is a packing set of G as N[v] 1 N[u] # ¢ for all v,u € S. For any 
w € V(G) — S, N[v] N N[w] 4 ¢ and Niu] MN N[w] # ¢. Thus, S is a maximal packing set of G. 
Therefore any superset containing the vertices greater than that of |S| can not be a packing set of G. 


Hence 


Theorem 2.2 For n> 3, p°(G) = [=| , where G is triangular snake T, and double triangular snake 
D(Th). 


Proof The triangular snake T;, is obtained from a path P,, with vertices v1, v2,--- ,Un by joining 
vu; and vi+1 to a new vertex w; for 7 = 1,2,3,--- ,2— 1 while to construct double triangular snake 
D(T,,) from a path P, with vertices v1, v2,---,Un by joining v; and vi+1 to a new vertex w; for 
i= 1,2,3,---,n—1 and to a new vertex u; fori =1,2,---,n—1. 

If S is any open packing set of G then it is obvious that v1; must in S as dg(v1) = 2 = 6(G). 


We construct a set S of vertices as follows: 
5 = {vsi41/0 <i [2] -1} 


Then |S| = “|. Moreover $ is an open packing set of Gas N(v)M N(u) # ¢ for all v,u € S. For any 
weéeV(G)—S, N(v)N N(w) 4 ¢ and N(u)N N(w) 4 ¢. Thus, S is a maximal open packing set of G. 


Therefore any superset containing the vertices greater than that of |S| can not be an open packing set 
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of G. Hence 


Illustration 2.3 The graph 77 and its packing number and open packing number are shown Figure 1 


while the graph D(T7) and its packing number and open packing number are shown in Figure 2. 
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Figure 1 p(T7) = p°(T7) =3 
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Figure 2 p(D(T7)) = p°(D(T7)) =3 


Theorem 2.4 Forn > 3, p(G) = =| , where G is alternate triangular snake AT, and double alternate 
triangular snake D(AT,,). 


Proof An alternate triangular snake AT, is obtained from a path P,, with vertices v1, v2,--- , Un 
by joining v; and v,;+1 (alternately) to a new vertex w;, i = 1,2,--- ,n —1 while to construct a double 
alternate triangular snake D(AT,,) from a path P, with vertices v1, v2,--- ,Un by joining v; and vi41 


(alternately) to a new vertex w;, i= 1,2,--- ,2—1 and to a new vertex u; fori = 1,2,--- ,n—1. 


If S is any packing set of G then it is obvious that v1 must in S' as 


1, if nis odd, 
dg(vi) = 6(G) = 


2, if nis even. 


We construct a set S of vertices as follows: 
5 = {vsis1/0 <i [2] -1} 


Then |S| = [=]. Moreover S is a packing set of G as N[v] 1 N[u] # ¢ for all v,u € S. For any 
wéeV(G)—S, Nv] A N[w] 4 ¢ and N[u] NM N[w] #4 ¢. Thus, S is a maximal packing set of G. 
Therefore any superset containing the vertices greater than that of |S| can not be a packing set of G. 


Hence 


Illustration 2.5 The graph AT; and its packing number is shown Figure 3 while the graph D(AT7 
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and its packing number is shown in Figure 4. 


WwW Wy W; 


x 
Ne 


¥ y % % 


<i 


Figure 3 p(AT7) =3 


Wi Wy W3 


Figure 4 p(D(AT;)) =3 


Theorem 2.6 For n > 3, p°(G) = ae where G is alternate triangular snake AT, and double 
alternate triangular snake D(AT,.). 


Proof An alternate triangular snake AT, is obtained from a path P,, with vertices v1, v2,--- , Un 
by joining v; and v,;+1 (alternately) to a new vertex w;, i = 1,2,--- ,n —1 while to construct a double 
alternate triangular snake D(AT,,) from a path P, with vertices v1, v2,--- ,Un by joining v; and vi41 


(alternately) to a new vertex wi, i = 1,2,--- ,2—1 and to a new vertex u; fori = 1,2,--- ,n—1. 


If S is any open packing set of G then it is obvious that v1 must in S' as 


1, if nis odd, 


2, if nis even. 
We construct a set S of vertices as follows: 


{vais1, v4ie2/0 <i< [=| } for nis odd 
S= 


{vsis2, vai+9/0 <i< |=| } for nis odd 


Then |S| = [=| . Moreover S is an open packing set of G as N(v) 1. N(u) # ¢ for all v,u € S. For any 
weéeV(G)—S, N(v)N N(w) £4 ¢ and N(u) N N(w) 4 ¢. Thus, S is a maximal open packing set of G. 
Therefore any superset containing the vertices greater than that of |S| can not be an open packing set 
of G. Hence 


Illustration 2.7 The graph AT7 and its open packing number is shown Figure 5 while the graph 
D(AT;) and its open packing number is shown in Figure 6. 
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y. y y 
V y % Y, \ V 1 


Figure 5 p°(AT;7) =4 


Wi Wy W3 


uy Uy 7 


Figure 6 p°(D(AT7)) =4 


§3. Concluding Remarks 


The concept of packing number relates three important graph parameters - neighborhood of a vertex, 
adjacency between two vertices and domination in graphs. We have investigated packing and open 


packing numbers of triangular snakes. 
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§1. Introduction 


A topological index is a mathematical measure which correlates to the chemical structures of any simple 
finite graph. They are invariant under the graph isomorphism. They play an important role in the study 
of QSAR/QSPR. In theoretical chemistry, molecular structure descriptors (also called topological 
indices) are used for modeling physicochemical, pharmacologic, toxicologic, nanoscience, biological and 
other properties of chemical compounds. Wiener index is the first distance-based topological index 
that were defined by Wiener [5]. For more details, see [9,10,11,12]. 


The status [2] of a vertex v € V(G) is defined as the sum of its distance from every other vertex in 
V(G) and is denoted by og(v), that is, a¢(v) = > de(u,v), where de(u, v) is the distance between 
ueV(G) 

u and v in G. The status of vertex v is also called as transmisson of v [2]. 


The Wiener indec W(G) of a connected graph G is defined as the sum of the distances between 


all pairs of vertices of G, that is, 
WA@=s YS deluv=2 YS olv). 
2 ; 2 


u,vEV(G) ueV(G) 


The first Zagreb index is defined as 
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and the second Zagreb index is defined as 


M(G)= > de(ujda(v). 
uve E(G) 
The Zagreb indices are found to have applications in QSPR and QSAR studies as well, see [7]. The 
first and second Zagreb coindices were first introduced by Ashrafi et al. [8]. They are defined as follows: 


Mi(G)= S) (de(u) + da(v)) 


uv¢ E(G) 


and the second Zagreb index is defined as 


M2(G)= So da(ujda(v). 


uv¢ E(G) 


Motivated by the invariants like Zagreb indices, Ramane et al.{1] proposed the first status connec- 
tivity index S1(G) and first status connectivity coindex $1(G) of a connected graph G as 


Similarly, the second status connectivity index S2(G) and second status connectivity coinder S2(G) 


of a connected graph G as 


S(G)= YL aa(ujoa(v) and $2(G)= YY aeg(ujocg(v). 
uve E(G) uv¢ E(G) 


The bounds for the status connectivity indices are determined in [1]. Also they are discussed 
the linear regression analysis of the distance-based indices with the boiling points of benzenoid hy- 
drocarbons and the linear model based on the status index is better than the models corresponding 
to the other distance based indices. In this sequence, here we obtain the exact formulae for second 
status connectivity indices and its coindices of some composite graphs such as Cartesian product, join, 


composition of two connected graphs. 


§2. Main Results 


In this section, we obtain the second status connectivity indices and its coindices of Cartesian product, 


join and composition of two graphs. 


Lemma 2.1 Let G be a connected graph on n vertices. Then 
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Proof By the definition of S2, we obtain: 


S(G) = S> aa(ujac(v) 


uv¢E(G) 
= Yo aa(ujoc(v=)-— SD ca(ujoc(v) 
{u,v} CV(G) uve€E(G) 
7 3(( + ee) - + (ro?) — 3) 
ueV(G) ueV(G) 


Let C;, and P, denote the cycle and path on n vertices, respectively. It is known that [1] 


2 — 
Si(Pa) = sn(n 1)(2n—1) and W(Pa) = Mn 1) 
and 
3 ; : 3 ‘ . 
a if n is even, — if n is even, 
Si(Cn) = 24 and W(Cr) = ae 
aS, otherwise; ae), otherwise. 


We therefore have that 


Lemma 2.2 For cycle C, and path Pn, we get that 


2 ifn is even 
(1) Forn > 3, So(Cn) =< ©, 12 
ana ifn is odd; 


(2) S2(P,) = SGD, 


2.1 Cartesian Product 


The Cartesian product, GOH, of the graphs G and H has the vertex set V(GO A) = V(G) x V(H) 
and (u,z)(v,y) is an edge of GOH if u = v and xy € E(#) or, uv € E(G) and x = y. To each 
vertex u € V(G), there is an isomorphic copy of H in GOH and to each vertex v € V(H), there is an 


isomorphic copy of G in GOH. 


Theorem 2.3 Let G and H be two connected graphs with n1,n2 vertices and mi, m2 edges, respectively. 
Then 


S(GOH) = n3S2(G) + n?S2(H) + 2nin2(Si(G)W (A) + $1(H)W(G)) 
+n3me2 S- (og(ui))? + nimi S- (cu(vs))”. 


ujEV(G) vs€V(H) 


Proof From the structure of GOH, the distance between two vertices (ui, vr) and (uz, vs) of GOH 
is da(ui, ux) + dx (ur, vs). Moreover, the degree of a vertex (ui, vr) in V(GOH) is dg(ui) + dy (vr). By 
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the definition of o(u) for the graph GOH and a vertex (wi,v,) € V(GOH), we have 


ogoH((ui,vr)) = S- dgon ((ui, Ur), (Ue, Us)) 


(uz.vs)EV(GOH) 
= oy, S- (de(us, un) + da(vr,0s)) 
upeV(G) vsEV(H) 


= moc(ui)tmeon(vr). (2.1) 


Hence by the definitions of S2 and GOH, we have 


So(GOH) = 2 oaoH ((ui, vs))oGoH((Ur, Us)) 


(uj,0s)(Up,vs)€E(GOH) 
+ Dp cae (ui, vr) )oGoH (ui, 0s) 
(ui,¥s)(up,¥s)€E(GOH) 
me Ah As, (2.2) 


where 


At OGuH ((uUi, Vs) )oGnH ((UE, Us)) 


(ui,¥s)(up,¥s)€E(GOH) 


= YD} (rase(ui) + mon(v.)) (mave(ue) +riga(vs)), by (21) 


ujup€E(G) vsEV(A) 


= YY (ca u)oc(ur) + mina (ui)on (vs) 


u,up€E(G) vsE€V(H) 
tninzou(vs)og(ur) + nt (ou(vs))”) 


=n ss oa(uiloa(ur) + ning ys on (vs) > (oa(ui) + o¢(ur)) 


ujupEE(G) vsEV(H) ujupEE(G) 
+nim: 7 (on(vs))? 
vsEV(H) 
= n3$2(G) + 2nineSi(G)W(H) + nimi S> (on(vs))”. 
vsEV(H) 


and a similar argument of Ai, we obtain 


Az 


ss coon ((ui, vr) )oGor (ui, vs)) 


(uj,0s)(Up,vs)€E(GOH) 


nj S2(H) + 2nineSi(H)W(G)+n3m2 SY) (ca(ui))?. 
u,EV(G) 


From (2.2) and Ai, A2, we obtain: 


So(GOH) = n3S2(G) +n} So(H) + 2nine(Si(G)W(H) + Si(H)W(G)) 
+n3me2 S- (ca(ui))? + nimi S- (on(vs))”. 


uiEV(G) vs€V(H) 


108 K.Pattabiraman and A.Santhakumar 


Remark 2.4 For each vertex (ui,vr) in GOH, 


2 
ocon (ui, er))) 
(uj,ur )EV(GOHA) 


= DY (moe(u)+men(vr))’ by 21) 


ui€V(G) vr EV (A) 
YE (nla)? + nin (or))? + 2mrnaae(ui)on (vr) 
ui, €V(G) vr EV (A) 


=n} SO (ce(u))? +n} S> (on(vr))? + 8nneW(G)W (HH). 
uzEV(G) vr€V(H) 


By Theorem 2.3, Lemma 2.1, Remark 2.4 and this fact that [3], W(GOH) = n3W(G)+niW(A), 


the following theorem is straightforward. 


Theorem 2.5 Let G and H be two connected graphs with n1,n2 vertices and m1, m2 edges, respectively. 


Then 
So(GOH) = 2[n3W(G)+niW(A))° — n3S2(G) — ni S2(H) 
—2nin2[Si1(G)W (A) + S1(H)W(G) +2W(G)W(4#)| 
_ ng(ne2 + 2mz2) > aways ny(na - 2m1) S- (6x). 
ujeV(G) vr EV (H) 
2.2 Join 


The join G+ H of two graphs G and H is the union GU H together with all the edges joining V(G) 
and V(#). From the structure of G+ H, the distance between two vertices u and v of G+ H is 


0, ifu=v, 
dg+uH(u,v) = 41, if uv € E(G) or uw € E(#) or (u € V(G) and v € V(H)), 


2, otherwise. 


Moreover, the degree of a vertex v in V(G + H) is 


da(v) +|V(A)|,if ve V(G), 


d H\U) = 
eae du(v) +|V(Q)|,if ve V(H). 


Theorem 2.6 Let G and H be two connected graphs with n1,n2 vertices and m1, mz edges, respectively. 
Then 


So(G+H) = Mo(G) + Mo(H) — (2m + n2 — 2)Mi(G) 
—(2n2 rn 2)Mi (Hf) 


(2n1 + n2 — 2)[(2n1 + nz — 2)mi1 — 2n1m2] 


(2n2 +1 — 2)[(2n2 + n1 — 2)m2 — 2nemi 


+nin2(2n1 + n2 — 2)}) + 4mime. 
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Proof Let u be a vertex in V(G). Then from the structure of G+ H, we obtain: 


oc+H(u) 


= > desu((u,v)) 


veV(G+H) 
- Yo we DY ays 
veEV(G) ufxv,uv¢ E(G) veEV(G), ufv, uve E(G) veV(HA) 


= In, + n2—-2-de(u). 


Similarly, if v is a vertex of H, then og4H(v) = 2n2 + m1 — 2— da(v). 


The edge set of G+ H can be partitioned into three subsets, namely, 


Ey = {uv € E(G+ H)|uv € E(G)}, 


E2 = {uv € E(G+ H)|uv € E(A)} and 


Es = {uv € E(G + H)lue V(G), ve V(H)}. 


The contribution of the edges in Ej is given by 


Sx(G+H) = 


S> ca+n(uoo+n(v) 


— S- (2m +nz2—-2- da(u)) (2n1 +nz2—-2- da(v)) 
uvE€ E(G) 
= S- [(2na + nz 2)? — (2n1 + n2 — 2)da(v) 
uve E(G) 
—(2n1 + nz — 2)de(u) + de(u)da(v)] 
— (2n1 + n2 2)?mi (2n1 + n2—- 2)Mi(G) + M2(G). (2.3) 


Similarly, the contribution of the edges in E2 is given by 


Sx(G+H) = 


S> ca+u(uoa+n(v) 


uve€ Eo 


(2n2 + m1 — 2)?me — (2ne + mi — 2)Mi(H) + Mo(H). (2.4) 


The contribution of the edges in E3 is given by 


Sx(G+H) = 


S* ca+n(ujooyn(v) 


uve E3 


a> (2n1 + na — 2-da(u)) (2na +m — 2- dx(v)) 


weV(G) veV(H) 


ye [(n L mg — 2)(2n2 +1 — 2) — (2m. +. nz — 2)dx(v) 


ueEV(G) veV(H) 
~(2ne +m — 2)de(u) + da(u)du(v)| 
(2n1 + n2 — 2)(2n2 + n1 — 2)nin2 — 2n1me(2n1 + n2 — 2) 
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—2nem1(2ne + 1 — 2) + 4mime. (2.5) 
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The total contribution of the edges in G + H and its S2(G + H) is given by 


So(G+H) = Mo(G) + Mo(A) — (2n1 + ne — 2)Mi(G) 
—(2n2 +rTNy —2 Mi (A) 


) 
+(2n1 + nz — 2)[(2n1 + nz — 2)mi — 2n1m2] 
) 


—(2n2 + m1 — 2)[(2n2e +1 — 2)me 


[ 
[ 
( 


—2nem1 + nin2(2n1 + n2 — 2)|) + 4mime. 


Remark 2.7 For each vertex v in G+ H, 


> orn) = YS Corn)? + YD Corley)? 


veV(G+H) veEV(G) veV(A) 
2 2 

= ys (2n1 + n2 —2-—de(u))* + S- (2n2 +i — 2—da(v)) 
veEV(G) veV(H) 

- » (2m 4+ nz — 2)? + (de(v))? — 2(2m1 +: ne — 2)da(v)) 
veEV(G) 
ie ((2na 4+n1 — 2)? + (da(v))? — 2(2ng +m — 2)dis(v)) 

veEV(HA) 


= (2m 4+ ne 2)? m1 + Mi (G) — 4mi(2n1 + n2 — 2) 
-(2n2 + 4 2)? nz + My (H) — 4me2(2n2 + n1 — 2). 


According to [3], we know that 


W(G+H) = |V(G)|(IV(G)|— 1) +|V(A)I (VG) — 1) 
+|V(G)||V(A)| — |E(G)| — |E(A)|. 


By this formula, Theorem 2.6, Lemma 2.1 and Remark 2.7, we obtain the following theorem. 


Theorem 2.8 Let G and H be two connected graphs with n1,n2 vertices andm, m2 edges, respectively. 
Then 


Bs M M.(H 
So RH) .= AG) (4m + 2n2 — 5) +4 ma) (4n2 iiss 5) 


—Ma(G) — Ma(H) + 2(m(ma 1) + na(n2 — 1) + nine - mi m2) 


—(2n1 + nz — 2)( (2m +no- (> +m) — 2(mi + nime)) 


—(2n2 + m1 — 2)((2na ni — 2)(= — m2) — 2(m2 — nam1) 


—nyn2(2n1 + n2—- 2)) — 4mimo. 


2.3 Composition 


The composition of two graphs G and H is denoted by G[H]. The vertex set of G[H] is V(G) x V(H) 
and any two vertices (w:,vr) and (uwx,vs) are adjacent if and only if u;ue € E(G) or ui = up and 
Urvs € E(A). 


Theorem 2.9 Let G and H be two connected graphs with n1,n2 vertices andm1, m2 edges, respectively. 
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Then 


dan 


So(G[H]) = ngS2(G) + 2n3(n2(n2 — 1) — m2)S$1(G) + 8neame(n2 — 1)W(G) 
—2n2W(G)Mi (#1) — 2n1 (n2 = 1)Mi(H) + ni M2(H) 


+n3zmz2 S- (og(ui))? + 4(n2 — 1)?(nim2 + min3) 
u;EV(G) 


+4mime2(me2 = 2ne (n2 = 1)). 


Proof For the composition of two graphs, the degree of a vertex (u,v) of G[H] is given by 


}((u, v)) = nada(u) + di(v). Moreover, the distance between two vertices (wi, v,) and (ux, vs) of 


G[H] is 


da(ui,ur) ws #4 Ur 
dgju((ui, vr), (Uk, Us)) = 42 ws = Ux, vrvs ¢ E(H) 
1 we=ukr, urvs € E(H). 
Let (ui, vr) be a vertex of G[H]. Then 
OqH\((Ui,Ur)) = se dan ((ui, Ur), (ue, vs)) 
(ug.vs)EV(G[H]) 


= s da (ui, uk) + S- datum ((ui, Ur), (Ui, Us) 


(uzp,vs)EV(G[H]), uixup (ui ,vs)€V(G[H]) 
= moc(ui)+dx(vr) + 2(ne—1- dx(v,)) 
= noc(ui) +2(n2e —1) — du(vr). (2.6) 


From the structure of G[H] and definition of S2, we have 


S2(G[H]) 


Ss S> cater (us, Ur) oat (Us, Vs) 


uj,EV(G) vpvs€ E(A) 

+ > So SS cep (ui, vr) oot (ui, vs) 
ujup€E(G) vp EV (A) vs EV (A) 

Ai + Ap, (2.7) 


where, 


Ay 


= >» S> car (us, vr) eater ((Ui, Vs) 


u;,EV(G) vpvs€ E(A) 


= + Y¥ (naca(us) Pomp s tye dir(vr)) (nacc(us) 4 2(n2—1)— dir(vs)) 


uj,EV(G) vpvs€E(HA) 


= S- > [n3(oe(us))? + 2(n2 _— 1)n20G(us) — n20G(ui)da(vs) + 2(n2 _ 1)nze0G(us) 
ujEV(G) vpvs€ E(HA) 


+4(ng — 1)? — 2(n2 — 1)du(vs) — n2o@(ui)du (vr) — 2(n2 — 1)du (vr) + du (vr)du(vs)| 


= YO DY [re ui)? + 4na(ne — Yoo ui) + 4(n2 = 1) = n2aa(ui) (dir (vr) + dir(vs)) 
uj,EV(G) vpvs€E(H) 


—2(n2 — 1)(du(vr) + du(vs)) + du (vr)du(vs) 


= ngm2 bs (oa(ui))”? + 8n2(n2 — 1)m2W(G) + n1M2(H) 
ujEV(G) 
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—2n2W (G)Mi(H) — 2(ne — 1)m1 M(H). 


A, = oy S ae Oat] ((ui, Ur) ) oat (Ue, Us)) 


u,upEV(G) vr EV(A) vs EV (A) 


= > S- S- (nooe(ui) +2(n2—-1)- di(vr)) (nooe(ue) +2(n2—1)— dir(vs)) 


Ugur, EV (G) vr EV (A) vsEV (A) 


= S- Ds S- [n3oc(uioa(ur) + 2(n2 — 1)n2(ca(ui) + oa(ur)) + A(ne = 1)? 


ujupeEV(G) vrEV(H) vsEV(H) 
—n20G(ui)du(vs) — nedu(vr)og(ur) — 2(n2 — 1)(da (vr) + dx (vr)) + dir(vr)dir(vs)| 
n3S2(G) + 2n3(n2(n2 — 1) — m2)S1(G) — 8namimo(n2 — 1) + 4mims + 4(n2 — 1)? mini. 


Hence 


S2(G[H]) — n3S2(G) + 2n3(n2(n2 — 1) — m2)51(G) + 8n2mMe(n2 — 1)W(G) 
—2n2W(G)Mi (#1) = 2ni(n2 _ 1)Mi(H) + ni M2(H) 


+n3zm2 S- (og(ui))? + 4(m2 — 1)?(nim2 + min3) 
usEV(G) 


+4mime2(me = 2ne2 (n2 = 1)). 


Remark 2.10 Let (wi,v,;) be a vertex of G[H]. Then 


dS (eten (user) = YP YY (nate (us) + 2(m2 — 1) — dur(vr))? 


(uz,vr)EV(G[A]) uz, €V(G) vr EV (A) 
= YY (Wilealus))? + 4(ra - 1)? + (di(v-))? 
uj,€V(G) vr EV (A) 
+4na(na — Locus) — 2naoe(us)dus (vr) — 2(na — 1) dir (vr)) 


= 8 SD (eu)? +mMi(H) 
uizEV(G) 


+4n2(n2(n2 — 1) — me) x oa(ui) 


uiEV(G) 


+4(n2 — 1)(nine(ne = 1) = m2). 
Recall from [3] that 
W(G[H]) = |V(A)? (W(@) +|V(G))) - 1V(@)| (IVE) + |ECE))). 


In the next theorem, we obtain a formula for $1(G[H]) according to W(G[H]), S2(G[H]) and 
Remark 2.10. 


Theorem 2.11 Let G and H be two connected graphs with n1, n2 vertices and m1,mz2 edges, respectively. 
Then 


32(G[H]) = (2n2V(G) +2ni(n2 — 1) — “) M(H) — ni Mo(H) — n3S2(G) 


~2n3(n2(n2 — 1) — ma) Si(G) — (8nomo(m —1) +23) W(@) 
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— 2 (na — 2m2) S> (ae (ui))? — 2ne(n2(n2-1)- me) So oa(us) 


u,€V(G) u,EV(G) 


+nin2(2n2 — 1) — nime2 — 2(n2 1)? (ning + 2n1m2 + 2m1n3) 


+2me2(n2 — 1)(4minez + 1) — 4mm. 
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Abstract: In this paper we introduced a new notion detour radial signed graph of a signed 
graph and its properties are obtained. Also, we obtained the structural characterization of 
detour radial signed graphs. Further, we presented some switching equivalent characteriza- 
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§1. Introduction 


For standard terminology and notion in graph theory, we refer the reader to the text-book of Harary 
[2]. The non-standard will be given in this paper as and when required. 

Let G = (V, £) be aconnected graph.For any two vertices u,v € V(G), the detour distance D(u, v) 
is the length of the longest u — v path in G. The eccentricity e(u) of a vertex u is the distance to a 
vertex farthest from u. The radius r(G) of G is defined by 


r(G) = min{e(u) : u € G}. 


For any vertex u in G, the detour eccentricity De(u) of u is the detour distance to a vertex 
farthest from u. The detour radius D,(G) of G is defined by D-(G) = min{D.(u) : u € G}. The 
diameter d(G) of G is defined by d(G) = max{e(u) : wu € G} and the detour diameter Da(G) of G is 
max{D.(u) : u € G}. 

The detour radial graph DR(G) of G = (V, £) is a graph with V(DR(G)) = V(G) and any two 
vertices u and v in DR(G) are joined by an edge if and only if D(u,v) = D-(G). This concept were 
introduced by Ganeshwari and Pethanachi Selvam [1]. 

To model individuals’ preferences towards each other in a group, Harary [3] introduced the concept 
of signed graphs in 1953. A signed graph S = (G,o) is a graph G = (V, E) whose edges are labeled with 
positive and negative signs (i.e., 0 : E(G) — {+, —}). The vertexes of a graph represent people and an 
edge connecting two nodes signifies a relationship between individuals. The signed graph captures the 
attitudes between people, where a positive (negative edge) represents liking (disliking). An unsigned 


graph is a signed graph with the signs removed. Similar to an unsigned graph, there are many active 
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areas of research for signed graphs. For more new notions on signed graphs refer the papers. 

The sign of a cycle (this is the edge set of a simple cycle) is defined to be the product of the signs 
of its edges; in other words, a cycle is positive if it contains an even number of negative edges and 
negative if it contains an odd number of negative edges. A signed graph S is said to be balanced if 
every cycle in it is positive. A signed graph S is called totally unbalanced if every cycle in S is negative. 
A chord is an edge joining two non adjacent vertices in a cycle. 

A marking of S is a function ¢ : V(G) — {+,—}. Given a signed graph S one can easily define a 


marking ¢ of S as follows: 


For any verter v € V(S), 


uve E(S) 
the marking ¢ of S is called canonical marking of S. 


The following are the fundamental results about balance, the second being a more advanced form 


of the first. Note that in a bipartition of a set, V = Vi U V2, the disjoint subsets may be empty. 


Theorem 1.1 A signed graph S is balanced if and only if either of the following equivalent conditions 
is satisfied: 

(t) Its vertex set has a bipartition V = Vi U V2 such that every positive edge joins vertices in Vi 
or in V2, and every negative edge joins a vertex in V, and a vertex in V2; (Harary [3]) 

(ti) There exists a marking pu of its vertices such that each edge uv inT satisfies o(uv) = C(u)C(v). 
(Sampathkumar [4]) 


Switching S with respect to a marking ¢ is the operation of changing the sign of every edge of 
S to its opposite whenever its end vertices are of opposite signs. The resulting signed graph S¢(S) is 
said switched signed graph. A signed graph S is called to switch to another signed graph S’ written 
S ~ S", whenever their exists a marking ¢ such that S¢(S'}) & $”, where & denotes the usual equivalence 
relation of isomorphism in the class of signed graphs. Hence, if S ~ S’, we shall say that S and S$’ are 
switching equivalent. Two signed graphs $; and 52 are signed isomorphic (written S; © S2) if there is 
a one-to-one correspondence between their vertex sets which preserve adjacency as well as sign. 

Two signed graphs S$; = (Gi1,01) and Sz = (G2,02) are said to be weakly isomorphic (see [21]) 
or cycle isomorphic (see [22]) if there exists an isomorphism ¢ : G; — G2 such that the sign of every 
cycle Z in S; equals to the sign of 6(Z) in Sz. More results on signed graphs can be found in references 


[4-22]. For example, the following result is well known. 


Theorem 1.2 (T. Zaslavsky, [22]) Given a graph G, any two signed graphs in W(G), where (G) 
denotes the set of all the signed graphs possible for a graph G, are switching equivalent if and only if 


they are cycle isomorphic. 


§2. Detour Radial Signed Graphs 


Motivated by the existing definition of complement of a signed graph, we now extend the notion of 
detour radial graphs to signed graphs as follows: The detour radial signed graph DR(S) of a signed 
graph S' = (G,o) is a signed graph whose underlying graph is DR(G) and sign of any edge uv is DR(S) 
is ¢(u)¢(v), where ¢ is the canonical marking of S. Further, a signed graph S = (G,c) is called detour 
radial signed graph, if S = DR(S’) for some signed graph $’. The following result restricts the class 
of detour radial graphs. 
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Theorem 2.1 For any signed graph S = (G,c), its detour radial signed graph DR(S) is balanced. 


Proof Since sign of any edge e = uv in DR(S) is ¢(u)C(v), where ¢ is the canonical marking of S, 
by Theorem 1.1, DR(S') is balanced. 


For any positive integer k, the k‘” iterated detour radial signed graph, DK*(S) of S is defined as 


follows: 


DR°(S) = S, DR*(S) = DR(DR*~1(S)). 


Corollary 2.2 For any signed graph S = (G,o) and for any positive integer k, DR*(S) is balanced. 


The following result characterize signed graphs which are detour radial signed graphs. 


Theorem 2.3 A signed graph S = (G,c) is a detour radial signed graph if, and only if, S is balanced 
signed graph and its underlying graph G is a detour radial graph. 


Proof Suppose that S is balanced and G is a detour radial graph. Then there exists a graph G’ 
such that DR(G’) & G. Since S$ is balanced, by Theorem 1.1, there exists a marking ¢ of G such that 
each edge uv in S satisfies o(uv) = C(u)¢(v). Now consider the signed graph S’ = (G’,o’), where for 
any edge e in G’, o’(e) is the marking of the corresponding vertex in G. Then clearly, DR(S’) = S. 
Hence S is a detour radial signed graph. 

Conversely, suppose that S = (G,c) is a detour radial signed graph. Then there exists a signed 
graph S’ = (G’,o’) such that DR(S’) & S. Hence, G is the detour radial graph of G’ and by Theorem 
2.1, S is balanced. 


In [1], the authors characterizes the graphs G = (V, E) such that GY DR(G). 


Theorem 2.4 Let G = (V,E) be a graph with atleast one cycle which covers all the vertices of G. 
Then G and the detour radial graph DR(G) are isomorphic if and only if G is isomorphic to either Kn 


or Cn or Kmn with nm =n. 


In view of the above result, we now characterize the signed graphs such that the detour radial 


signed graph and its corresponding signed graph are switching equivalent. 


Theorem 2.5 For any signed graph S = (G,o) and its underlying graph G contains atleast one cycle 
which covers all the vertices. Then S and the detour radial signed graph DR(S) are cycle isomorphic 
if and only if the underlying of S satisfies the conditions of Theorem 2.4 and S' is balanced. 


Proof Suppose RD(S) ~ S. This implies, DR(G) & G and hence by Theorem 2.4, we see that 
the graph G satisfies the conditions in Theorem 2.4. Now, if S is any signed graph with underlying 
graph contains at least one Hamilton cycle and satisfies the conditions of Theorem 2.4. Then DR(S) 
is balanced and hence if S is unbalanced and its detour radial signed graph DR(S) being balanced can 
not be switching equivalent to S in accordance with Theorem 1.2. Therefore, S must be balanced. 

Conversely, suppose that S balanced signed graph with the underlying graph G satisfies the 
conditions of Theorem 2.4. Then, since DR(S') is balanced as per Theorem 2.1 and since DR(G) = G 


by Theorem 2.4, the result follows from Theorem 1.2 again. 


In [5], P.S.K.Reddy introduced the notion radial signed graph of a signed graph and proved some 


results. 
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Theorem 2.6 For any signed graph S = (G,o), its radial signed graph R(S) is balanced. 


In [1], the authors remarked that DR(G) and R(G) are isomorphic, if G is any cycle of odd length. 
We now characterize the signed graphs S such that DR(S) ~ R(S). 


Theorem 2.7 For any signed graph S = (G,o), DR(S) ~ R(S) if, and only if, G = Ch, where n is 
odd. 


Proof Suppose that DR(S) ~ R(S). Then clearly, DR(G) ~ R(G). Hence, G is any cycle of odd 
length. 


Conversely, suppose that S is a signed graph whose underlying graph G is Cn, where n is odd. 
Then, DR(G) = R(G). Since for any signed graph S, both DR(S) and R(S) are balanced, the result 
follows by Theorem 1.2. 
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Abstract: Let G be a (p,q) graph. Let f be a function from V(G) to the set {1,2,--- ,k} 
where k is an integer 2 < k < |V(G)|. For each edge uv assign the label r where r is 
the remainder when f(u) is divided by f(v) (or) f(v) is divided by f(u) according as 
f(u) > f(v) or f(v) > f(u). The function f is called a k-remainder cordial labeling of 
G if |u¢(t) — ve (9)| < 1, 2,9 € {1,--- , &} where vy(a) denote the number of vertices labeled 
with x and |7e(0) — no(1)| < 1 where 7-(0) and (1) respectively denote the number of 
edges labeled with even integers and number of edges labeled with odd integers. A graph 
with admits a k-remainder cordial labeling is called a k-remainder cordial graph. In this 
paper we investigate the 3-remainder cordial labeling behavior of dumbbell graph, butterfly 
graph, umbrella graph, C3 © Ki,n. 

Key Words: Dumbbell graph, butterfly graph, umbrella graph, C3 © Ki, Smarandache 
k-remainder cordial labeling. 
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§1. Introduction 


All graphs considered here are finite and simple. The origin of graph labeling is graceful labeling which 
was introduced by Rosa (1967). The concept of cordial labeling was introduced by Cahit [1]. Motivated 
by this Ponraj et al. [4, 6], introduced remainder cordial labeling of graphs and investigate the remainder 
cordial labeling behavior of several graphs. Also the notion of k-remainder cordial labeling introduced in 
[5] and investigate the k—remainder cordial labeling behavior of grid, subdivision of crown, subdivision 
of bistar, book, Jelly fish, subdivision of Jelly fish, mongolian tent, flower graph, sunflower graph and 
subdivision of ladder graph, Ln © Ki, In © 2Ki, Ln © Kz. Recently [9, 10] they investigate the 3- 
remainder cordial labeling behavior of the subdivision of the star, wheel, subdivision of the path, cycle, 
star, complete graph, comb, crown, wheel, subdivision of the comb, armed crown, fan, square of the 
path, Ki, © Ke. In this paper we investigate the 3-remainder cordial labeling behavior of dumbbell 
graph, butterfly graph, umbrella graph, C’3© Kin, etc. Terms are not defined here follows from Harary 
[3] and Gallian [2]. 
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§2. Preliminary Results 


Definition 2.1 The corona of Gi with G2, Gi © G2 is the graph obtained by taking one copy of Gi 


and p1 copies of Gz and joining the i*” verter of G1 with an edge to every vertex in the i'” copy of Go. 


Definition 2.2 The graph obtained by joining two disjoint cycles, u1u2-++ Unt and v1v2...Unv1 with 


an edge uiv1 is called dumbbell graph Dbn. 


Definition 2.3 The butterfly graph BFin,n is a two even cycles of the same order say Cn, sharing a 


common verter with m pendant edges attached at the common vertex is called a butterfly graph. 


Definition 2.4 The umbrella graph Un,m is obtained from a fan Fy = Pn+K1 where Pn :u1,uU2,--* 5 Un 
and V(K1) = {u} by pasting the end vertex of the path Pm : V1,V02,:+* ,Um to the vertex of K1 of the 
fan F,,. 


§3. k-Remainder Cordial Labeling 


Definition 3.1 Let G be a (p,q) graph. Let f be a function from V(G) to the set {1,2,--- ,k} where k 
is an integer 2<k<|V(G)|. For each edge uv assign the label r where r is the remainder when f(u) 
is divided by f(v) (or) f(v) is divided by f(u) according as f(u) > f(v) or f(v) > f(u). The function 
f is called a k-remainder cordial labeling of G if |v¢(i) — vs (9)| < 1, 4,7 € {1,---, k}, otherwise, 
Smarandachely if |vs(t) — v¢(7)| = 1 or lex(0) — ef(1)| > 1 for integers i,7 € {1,--- ,k}, where v(x) 
denote the number of vertices labeled with x and |ne(0) — No(1)| < 1 where ne(0) and no(1) respectively 
denote the number of edges labeled with even integers and number of edges labeled with odd integers. A 


graph with a k-remainder cordial labeling is called a k-remainder cordial graph. 


Now, we investigate the 3—remainder cordial labeling behavior of the dumbbell graph Dby. 


Theorem 3.2 The dumbbell graph Db, is 3-remainder cordial for all n. 


Proof Let Cy : uiu2-+++Unui and C, : U1U2+*+Unv1 be two disjoint cycles of the same order n. 
Let V(Dbn) = V(Cn) UV(C,,) and E(Db,,) = E(Cn) UE(C,,) U{uiv1}. Then the order and size of the 
dumbbell graph are 2n and 2n + 1 respectively. 


Case 1. n=0 (mod 3). 


Assign the labels 2,3 and 1 respectively to the vertices u1,u2 and u3. Next assign the labels 
1,2 and 3 to the vertices ua,us and ue respectively. Then assign the labels 2,3 and 1 respectively 
to the vertices u7,ug and ug. Then next assign the labels 1,2 and 3 to the vertices wio,ui1 and wi2 
respectively. Proceeding like this until we reach the vertex un. If n is odd then assign the labels 2,3 
and 1 respectively to the vertices un—2,Un—1 and Un. If n is even then assign the labels 1,2 and 3 
respectively to the vertices Un—2,Un—1 and Un of Cr. On the other hand assign the labels 3,2 and 1 
respectively to the vertices v1,v2 and v3. Next assign the labels 1,3 and 2 to the vertices va,vs5 and 
ue respectively. Then assign the labels 3,2 and 1 respectively to the vertices v7,vg and vg. Then next 
assign the labels 1,3 and 2 to the vertices v10,vi1 and vi2 respectively. Continuing like this until we 
reach the vertex un. If mn is odd then assign the labels 3,2 and 1 respectively to the vertices un—2, Un—1 
and v,. If n is even then assign the labels 1,3 and 2 respectively to the vertices un—2,Un—1 and Un 


of Cu: Table 1 shows that this vertex labeling is called 3-remainder cordial labeling of the dumbbell 
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graph for n = 0 (mod 3). 


Case 2. n=1 (mod 3). 
Subcase 2.1 7 is even. 
Assign the labels to the vertices u;,1 <i <n in the following way. 


SAG TR Bg aad, 
3, ifi=2,4,6,---,i+2---,n. 


we consider the vertices vj, 1 <7 <n of the cycle em Assign the label 1 to the first anit vertices 


U1, V2,°°* ,V2nti. Next assign the label 2 to the vertices vans , po V2nt1 po,11t »USn44. Finally assign 
3 3 3 U 6 


the label 3 to the remaining vertices of the cycle om 
Subcase 2.2 n is odd. 


Assign the labels to the vertices u;,1 <%i< n in the following ways. 


3, ifi=1,3,5,---,i+2---,n, 
2 TPS A al Be Dee peed 


f(ui) = 


Next assign the labels to the vertices vj,1 < i < n of the cycle C. in the following way. As- 


sign the label 1 to the first anit vertices U1,V2,...,UV2n4i1. Next assign the label 2 to the vertices 
3 
Vamt1 44) V2nt1 4 9)-- +) USnti. Finally assign the label 3 to the remaining vertices of the cycle Ce: Ta- 


ble 2 shows that this vertex labeling is called 3-remainder cordial labeling of the dumbbell graph for 
n =1 (mod 3). 


Case 3. n= 2 (mod 3). 


Fix the labels in the following pattern : 3,2,1,1 and 2 to the vertices w1,u2, U3, Un—1 and Un 
respectively and 2,3,2,1 and 3 to the vertices v1, v2,V3,Un—1 and vu, respectively. Next assign the 


labels to the remaining vertices u;, and v;, (4 < i <n — 2) in the following two cases. 


Subcase 3.1 First assign the labels to the vertices ui,4 <i <n-—2. Assign the labels 1,2 and 3 
to the vertices ua,us and ue respectively. Then assign the labels 2,3 and 1 respectively to the vertices 
u7,ug and ug. Then next assign the labels 1,2 and 3 to the vertices wio, ui1 and wiz respectively. Then 


assign the labels 2,3 and 1 respectively to the vertices wi3,uia and wis. Proceeding like this until we 
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reach the vertex Un—2. When n is odd then the vertices un—4,Un—3 and Un—2 are receive the labels 2,3 
and 1 respectively. When n is even then the vertices un—4,Un—3 and un—2 are receive the labels 1,2 


and 3 respectively. 


Subcase 3.2 We consider the vertices vi, (4 <i <n-—2). Assign the labels to the vertices v; for 
(4 <i<n-— 2) as in subcase(i). Table 3 shows that this vertex labeling is called 3-remainder cordial 
labeling of the dumbbell graph for n = 2 (mod 3). 


Nature of n,n = 2 (mod 3) | v (1) 


n is odd 
n is even 


Table 3 


This completes the proof. 


Theorem 3.3 The umbrella Un.» is 3-remainder cordial for all n. 


Proof Let Fn = Pn + Ki where Pp : u1,u2,-+: ,Un and V(K1) = {u}. Let P. > U1, U2,°+* ,Un be 
another path. Identify v1 with u. Clearly the umbrella graph has 2n vertices and 3n — 2 edges. 


Case 1. n=0 (mod 3). 
Subcase 1.1 1 is odd. 
Assign the labels to the vertices u;, (1 <i <n) as follows: 


®. f6$1,3,/5,08+2--0 on, 
3, iff=2,4,6,...,44+2+--,n—-1. 


Next assign the labels to the vertices uj,1 <i <n. Assign the label 3 to the first nts vertices 


V1,V2,°°* ,Un+¢3 and assign the label 1 consecutively to the vertices Unt3 44, Unt349,°'' USn43- Next 
6 6 6 6 


assign the label 2 to the remaining vertices. 
Subcase 2. 1 is even. 
Assign the labels to the vertices u;, (1 <i <n) as follows: 


2, iff=1,3,5,---,2+2...,n—-1, 
3, iff=2,4,6,---,2+2...,n. 


Next we consider the vertices v;,1 <i <n. Assign the label 3 to the first } vertices v1, v2,--- Un 


and assign the label 1 consecutively to the vertices Un41,UR42,°°* ,USn. Next assign the label 2 to the 


remaining vertices v Sm 4) VSn497+++7Un- Table 4 shows that this vertex labeling is called 3-remainder 


cordial labeling of Un,» for n = 0 (mod 3). 


Table 4 
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Case 2. n=1 (mod 3). 
Subcase 2.2 1 is odd. 
Assign the labels to the vertices u;, (1 <i <n) as follows: 


2, ifi=1,3,5,---,¢+2---,n, 
3, ifi=2,4,6,---,i+2---,n—1. 


Next assign the labels to the vertices uj,1 <i <n. Assign the label 3 to the first nt vertices 
Van+7. Next 


,Un4s and assign the label 1 consecutively to the vertices Unts ,1,Unt549,°°"; 
6 6 6 6 


V1, Va,°°° 
assign the label 2 to the remaining vertices. 


Subcase 2.2 1 is even. 


Assign the labels to the vertices u;, (1 <i <n) as follows: 


2° GPRS US Gok GRO = 1, 
3, ifi=2,4,6,---,i+2---,n. 


Next we consider the vertices ui,1 < i < n. Assign the label 3 to the first nt vertices 


U1, V2,°°* ,Un+2 and assign the label 1 to the vertices Unt2 41, Unt249)°'* » USmt4 consecutively. Next 
6 6 6 


6 
;Un. Table 5 shows that this vertex 


assign the label 2 to the remaining vertices Usmt4 14, VEnt4 4 9,°°° 
6 6 
labeling is called 3-remainder cordial labeling of Un,» for n = 1 (mod 3). 


n is odd 2n+ 


P isodd | | 
< 2n+1 2n—2 


Table 5 


Case 3. n=2 (mod 3). 
Subcase 3.1 1 is odd. 
Assign the labels to the vertices u;, (1 <i <n) as follows: 


2, ift=1,3,5,---,¢+2---,n, 
3, ifi=2,4,6,---,i+2---,n—1. 


Next assign the labels to the vertices v;,1 <i <n. Assign the label 3 to the first net vertices 


U1, 02,""+ , Uni and assign the label 1 to the vertices vn4i.1,Untijos‘** 
6 6 6 


Vsn+5 consecutively. Next assign the label 2 to the remaining (48) vertices. 
6 


Subcase 3.2 1 is even. 


Assign the labels to the vertices u;, (1 <i <n) as follows: 


Ee one ee i ay eee 
3, ifi=2,4,6,---,i+2---,n. 


Next we consider the vertices ui,1 < i < n. Assign the label 3 to the first a vertices 
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U1,V2,*** ,Un-2 and assign the label 1 to the vertices un-2,,,Un-245,°+* ,Usn+2 consecutively. Next 
Go 2 6 


6 
assign the label 2 to the remaining a vertices Usn+2 Usnt2 1 9,°°* 5 Un. Table 6 shows that this 
6 


—~e tl? 
vertex labeling is called 3-remainder cordial labeling of Un,» for all n = 2 (mod 3). 


Nature of n,n = 2 (mod 3) | v (1) 


n is odd ante 


2n-4 
3 


n is even 


Table 6 


This completes the proof. 


Theorem 3.4 The butterfly graph BF, 1s 3-remainder cordial for all n. 


Proof Let Cy : uiu2-++Unui and C., : U1U2+++Unv1 be two cycles of the same order n. Identify 
the vertex ui with the vertex v1. Let wi,w2--: ,Wn be the n-pendant vertices adjacent to the vertex 
ui. Then the given graph has 3n — 1 vertices and 3n edges. 


First assign the labels to the vertices u:, (1 < 7% < n) as follows: 


2, ift¢=1,3,5,---,i+2---,n-1, 
f(ui) = nh 
3, if? =2,4,6,---,7+2--- ,n. 
Next assign the labels to the vertices 1;, (2 << i <n). Assign the label 1 to the vertices v2, v3,...,Un- 


Finally assign the labels to the vertices w;, (1 < i < n) as follows: 


2, if¢=1,3,5,---,i+2---,8, 
3, fi = B+1B+2,--- 4420, n. 


f(wi) = 


Thus v¢(1) = n—1, vs(2) = v¢(3) = nr and ne = 32 = yo. Hence this vertex labeling is called 


3-remainder cordial labeling of butterfly graph for all n. 


Theorem 3.5 The graph C3 © Ki,n is 3-remainder cordial for all n. 


Proof Let V(C3 © Kin) = {u,v,w,ui,vi,wi: 1 <i <n}, E(C3 © Kin) = {uv, vw, wu, uu, 
vi, wu; : 1 <i <n}. Clearly the order and size of the given graph are 3n + 3 and 3n + 3 respectively. 
Fix Tables 1,2 and 3 respectively to the central vertices u,v and w of C3 © Ki,n and also fix the 


label 3 to the vertices v1, v2,U3,-++ ,Un into the following two cases. 
Case 1. 1 is even. 


First we consider the vertices ui:,(1 <i <n). Assign the label 1 consecutively to the vertices 


U1,U2,°** ,Unti. Next assign the label 2 to the remaining vertices Unt 41, Untiyg,* Un. 
) F vj 


Next we consider the vertices w:,(1 <i <n). Assign the label 2 consecutively to the vertices 


W1, Wa,*** ,Wngr. Next assign the label 1 to the remaining vertices Wnth 4 1,Wnth ps1 Wn. 


Case 2. n is odd. 
Assign the label 1 to the first (4) vertices ui, ue2,:-- un and assign the label 2 to the remain- 


ing (}) vertices uz41,Un42,--.,Un. Next we consider the vertices wi,(1 < i <n). Assign the 


label 2 consecutively to the vertices w1,we,--: ,wR and assign the label 1 to the next (4) vertices 
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WH41,W242,°°° Wn. Table 7 shows that this vertex labeling is called 3-remainder cordial labeling of 


a 
“ 


C3 © Ki,» for all n. 


: 


This completes the proof. 


Example 3.6 A 3-remainder cordial labeling of C3 © K1,9 is shown in Figure 1. 


Figure 1 
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Famous Words 


Could a special solutions of Einstein’s gravitational equations be applied to the whole universe? 
The answer is obviously negative! However, the Schwarzschild spacetime is its a special solution in an 
assumption that all matters are spherically symmetric distributed in the universe of vacuum, which 
results the Big Bang hypothesis and the standard model on universe. So, we are applying a special 
solution for the universe and believe it without a shadow of doubt in any place of the universe. Why it 
happened because we are all fond of the symmetry, the uniformity on space and we are firmly believing 
the spacetime structure of the universe should be so by observed datum of humans, at least in the nearby 
airspace of the earth. But, it is only an understanding of humans ourself on the unverse, partially or 
locally. (Extracted from the paper: Science’s Dilemma - a Review on Science with Applications, 
Progress in Physics, Vol.15 (2019), 78-85.) 
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